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Sinifta 6n sira 1 ve sol siitun 1 olsun. Oturdugunuz yer i¢in (sira, siitun) =
(k,0) ise

1<M<4 & M=k+2-((—1) (mod 4)

olacak sekilde, okuyacagim her kagidin iistiine adinizi, soyadinizi, ve M nin
degerini yazin. Problemlerde

M p a b d |M p a b d
1 19 5 =30 130 3 19 3 10 458
2 23 3 87 2694 23 5 90 269

Problem 2’de tablonun j numaral siitununda ve 7 -9 numaral satirinda olan
girdisi, 271 modiiliisiine gore 6%/ kuvveti ile kalandastir. Ayrica

e b'nin degerleri, 0 numarali stitundadir;

e 134’ten biyiik olan isler i¢in

6% = —6”  (mod 271)

kurali kullanilabilir.
Problem 3 icin agagidaki degerler kullanilabilir.

c| 11 12 16 17 19 20 21 22
22 |121 144 256 289 361 400 441 484

Tabii ki yazinizi okuyup anlayabilmem gerekiyor! Iyi calismalar dilerim.

Problem 1. Yukarida verilen p ve a i¢in:
(a) Wilson Teoremini kullanmadan
(p—2)!=1 (mod p)
kalandagligini gosterin.
(b) Wilson Teoremini kullanarak, ama Euler Kriterini kullanmadan, w =

(p —1)/2 oldugunda, agagidaki iki kalandaghg gosterin.

(52) = 0® (mod

p
Problem 2.

0 1 2 3 4 5 6 7 8
0 1 6 36 —55 —59 —83 44 -7 =42
9 19 114 —129 39 =37 49 23 —133 15
18 90 -2 =12 =72 110 118 —105 —88 14
27 84 —38 43 —13 =78 74 —98 —46 -5
36| —30 91 4 24 —127 51 35 —61 =95
45| —28 103 76 —86 26 —115 123 =75 92
54 10 60 89 -8 —48 17 —-102 =70 122
63| —81 56 65 119 —-99 -—-52 —41 25 —121
72 87 —20 —120 93 16 96 34 —67 —131
81 27 —109 -—112 -130 33 =73 104 82 —5H0
90| —29 97 40 =31 85 —32 79 —68 134
99 -9 —-54 =53 —47 —-11 —66 —125 63 107
108| 100 58 77 =80 62 101 64 113 —135
117 3 18 108 106 94 22 132 —21 —126
126 57 71 —116 117 —111 —124 69 —128 45

6 —

(a) Verilen b icin « (mod 271) kalandaghgini ¢6ztn.

(b) Coztimlerden hangileri (x/271) = 1 denklemini de ¢ozer?

Problem 3. Sayma sayilarinda, 22 — dy?> = &1 denklemi icin sonsuz bir
¢Ozum kiimesi bulun.



(Céziim. Problem 1.
(a) Yontem: {2,...,p — 2} kiimesinin,
x # ' =ux, ' =1 (mod p)
ozdegliklerini saglayan = — x’ permiitasyonu vardir. O halde
{2,...,p—2}={a1,ai, ..., 41,001}
esitligini saglayan bir {aq, ..., a1} kiimesi vardir, ve sonug olarak
(p—2!'=(a1a)) - (@w_10m—1') =171 =1 (mod p).

Ayrica
(p—x)=p—2a.
Ozel olarak
e 19 modiiliisiine gore

x|£2 £3 +4 £7
7| F9 F6 5 F8’

dolayisiyla

1=(2-10)(3-13)(4-5)(6-16)
(7-11)(8-12)(9-17)(14 - 15) = 17!
e 23 modiiliisiine gore

x| £2 £3 +4 5 47
| F11 £8 £6 F9 £10°

dolayisiyla

1=(2-12)(3-8)(4-6)(5 - 14)(7 - 10)
(9-18)(11 - 21)(13 - 16)(15 - 20)(17 - 19) = 21!

(b) Yontem: {1,...,p — 1} kiimesi,

aby’ = ¢, (mod p)
kalandaghgini saglayan, ayrik bir
{1,@} U {p - ]‘7p - a} U {bhcl} U {bnacn}

bilegimi olarak yazilabilir.

o Eger (a/p) = —1 ise, 0o zaman n = w — 2 ve her durumda by # ¢y,
dolayisiyla Wilson Teoreminden
—1=(p-1)!
=a-(p—a)(p—1)(bicr) - (bo—2¢m2)
=a” (mod p).
o Eger (a/p) = 1 ise, o zaman n = @w — 1 ve (bp_2,bp_1) =
(Cw—2, Cw—1) varsayilabilir, dolayisiyla
—1=(p-1)
=a- (p - a)(p - 1)(6161) e (bw—3cw—3)bw—2bw—l
=a”' —a (mod p).

Ozel olarak
e 19 modiiliistine gore
— a = 3 oldugunda

x|+l £2 +4 £5 46
3¢/ [£3 T8 T4 FT F9'

dolaywsiyla (£3/19) = F1 ve

—1=18!
= 3(2- 11)(4- 15)(5 - 12)(6 - 10)(7 - 14)(8 - 17)(9 - 13)(16 - 18)
=3
1=-3"=(-3)%



— a = 5 oldugunda

x [+l £2 £3 +4 £9
5’ |5 F7 £8 £6 £9°

dolayisiyla (£5/19) = +1 ve

-1 =18!
=5(2-12)(3-8)(4-6)(7-17)9-10(11 - 16)(13 - 15)(14 - 18)
= -5 == (-5),
1= 59;

e 23 modiiliisiine gore

— a = 3 oldugunda

x [£1 £2 +4 46 £7 48

3¢/ | £3 F10 F5 FII £7 £9°

dolayisiyla (£3/

23) = +1 ve

—1=22!

=3(2-13)(4- 18)(5- 19)(6 - 12)7(8 - 9)
(10 - 21)(11 - 17)(14 - 15)16(20 - 22)
_311 (_3)117

311;

e a = 5 oldugunda

T |+l +2 +£3 +£4 48 +10

b’ |+5 F9 F6 £7 F8 Fll’

dolayisiyla (+£5/23) = F1 ve

—-1=

1=

22!

5(2-14)(3 - 17)(4- 7)(6 - 20)(8 - 15)
(9-21)(10 - 12)(11 - 13)(16 - 19)(18 - 22)
511’

—51 = (—5)!,

Coziim. Problem 2. z = 6' (mod 271) olsun. O zaman bir ¢ igin

6% =6° (mod 271),

dolayisiyla

6t =c (mod 270).
6° = —30 (mod 271) ise ¢ = 36 (mod 270), dolayisiyla
6t =36 (mod 270),
t=6 (mod 45),
t=6,51,96,141,186,231 (mod 270),
v =44,123,79, —44, —123, 79 (mod 271).
Sadece 44,79, —123, (z/271) = 1 ¢ozer.
6° = 87 (mod 271) ise ¢ = 72 (mod 270), dolayisiyla
6t =72 (mod 270),
t=12 (mod 45),
t =12,57,102,147,192,237 (mod 270),
v =39, -8, —47,-39,8,47 (mod 271).
Sadece 39, —47,8, (x/271) = 1 ¢ozer.
6¢ =10 (mod 271) ise ¢ = 54 (mod 270), dolayisiyla
6t =54 (mod 270),
t=9 (mod 45),
t=9,54,99,144,189,234 (mod 270),
z =19,10,-9,-19,-10,9 (mod 271).
Sadece 10,—19,9, (x/271) = 1 ¢ozer.
6° =90 (mod 271) ise ¢ = 18 (mod 270), dolayisiyla
6t =18 (mod 270),
t=3 (mod 45),
t=3,48,93,138,183,228 (mod 270),
r = —55, —86,—31,55,86,31 (mod 271).

Sadece —86, 55,31, (x/271) = 1 ¢ozer.



(C6zim. Problem 3. d = 130 olsun.

V130 = 11 + /130 — 11,

1 _\/130+11_2+¢130—7
V130 —11 9 B 9
9 _\/130+7_2+\/130—11
V130 -7 9 B 9 ’
9
— = /130 + 11.
V130 — 11 V130 +
Ayrica
1 5 2 57
11,2,2) = (11,24 =| [11,=| =114+ = = —.
2= [nae ] o] -2
O zaman

(a1,b1) = (57,5),
(am+17 bm+1) = (alam + dblbma blam + albm)
— (57au + 650bm, 5 + 570rm)

oldugunda her m i¢in

am? — 1300,,% = (—1)™

¢iinki

572 = 2500 + 700 + 41 = 32409,
130 - 5% =130 - 25 = 650 - 5 = 3250,

ve ayrica

(i + dbly)2 —d(bx + aly)2

= (a1* — db;*)2* + Ozy — d(ar? — dby?)y? = — (2 — dy?),

dolayisiyla tiimevarim sayesinde genel iddia dogrudur.

Cozim. d = 269 olsun.

/269 = 16 + /269 — 16,

1 _\/269+16_2+\/269—10
V269 — 16 3 13
13 _\/269+10_2+\/269—16
V269 —10 13 B 13
13
———— = /269 + 16.
/269 — 16 V269 +
Ayrica
1 5 2 82
16,2,2] = 16,2+ =| [16,=| =16+ = = —.
16,2, 2] {6,+2H6,2} 6+ 2=~
O zaman

(a1,b1) = (82,5),
(aerla berl) = (alam + dblbm> blam + albm)
— (82ay, + 1345b,1, 5y + 82b,,)

oldugunda her m i¢in

am? — 269b,,% = (—1)™

¢iinkii

82% = 6400 + 320 + 4 = 6724,
269 - 52 = 1345 - 5 = 6725,

Ve ayrica

(a1 + db1y)2 —d(byw + aly)2

= (ay® — dby®)2* + Ozy — d(a1? — dby?)y®? = —(2° — dy?),

dolayisiyla tiimevarim sayesinde genel iddia dogrudur.



C6zim. d = 458 olsun.
/458 = 21 4 /458 — 21,

1 _\/458+21_2+\/458—13
V458 — 21 17 B 17
17 _\/458+13_2+\/458—21
V458 — 13 7 17
17
— = /458 + 21.
V458 — 21 VASS +
Ayrica
1 5 2 107
21,2,2] = [21,24+ = | |21, 5| =21 + = = —.
2= [ o] e 22
O zaman

(CLl, bl) = (107, 5),
((Zm_H, bm+1) = (alam + dblbm, blam + albm)
= (107ay, + 2290b,,, 5, + 107b,,)

oldugunda her m i¢in

am? — 458b,,% = (—1)™

¢iinkt

1072 = 10000 + 1400 + 49 = 11449,
458 - 5% = 2290 - 5 = 11450,

ve ayrica

(arz + dbly)2 —d(byx + aly)2

= (a® = dby?)2® 4 Ozy — d(a:* — db*)y® = —(a? — dy?),

dolayisiyla tiimevarim sayesinde genel iddia dogrudur.



