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These are notes from Math 366 in the METU Mathematics Department, spring semes-
ter, 2007/8. Class met Tuesdays at 13.40 for two hours and Fridays at 13.40 (originally
12.40) for one hour. I have typeset these notes after class, from memory and from
handwritten notes prepared before class. 1 have done some polishing, correcting, and
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in the library since the last time this course was offered several years ago. I have that
text only in the form of a photocopy of chapters 6-11, used by Ayse Berkman when she
was a student. The text is a rough guide only, and I may change its terminology and
notation.

All special symbols used in these notes are found at the head of the index.

For continued fractions, the text [2] used for Math 365 is useful, as are [4] and [8]. I
also consult [3] and [6], and occasionally other works.

Class was cancelled Friday, February 29, because I was in Istanbul for my dogentlik
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1. FEBRUARY 19, 2008 (TUESDAY)

We begin with some Diophantine equations (that is, polynomial equations in which
all constants and variables are integers).

Problem 1. Solve
2?4y =27 (1)
(that is, find all solutions).

Solution. The following are equivalent:
(i) (a,b,c) is a solution;
(ii) (|al, |0, |¢]) is a solution;
(iii) (na,nb,nc) is a solution, where n # 0;
(iv) (b,a,c) is a solution.

Also, (1) is equivalent to

= (z+y)(z—y).

Suppose (a, b, ¢) is a solution of (1) such that a,b, ¢ > 0 and ged(a, b, ¢) = 1. Then (a, b, ¢)
may be called a primitive solution, and all solutions can be obtained from primitive
solutions. Observe that not both a and b are even. Also, if a,b = 1 (mod 2), then
2 = a®> + b* = 2 (mod 4), which is absurd. So exactly one of a and b is even. Say a is
even. Then b and ¢ are odd, and

(a) 2 fc+b\ fc—b

2/ \ 2 2 )

Also (¢ +b)/2 and (¢ — b)/2 are co-prime, since their sum is ¢ and their difference is b.
Hence each must be a square; say

c+b:n27 c—b 9
2

where n,n > 0. Then

c=n*+m? b=n?—m? a = 2nm.

Moreover, n and m are co-prime, and exactly one of them is odd (since ¢ is odd).
Conversely, suppose n and m are co-prime, exactly one of them is odd, and 0 < m < n.
Then the triple (2nm, n? —m? n*+m?) solves (1). Moreover, every common prime factor
of n? —m? and n? +m? is a factor of the sum 2n? and the difference 2m?, hence of n and
m. So there is no common prime factor, and the triple is a primitive solution.
We conclude that there is a one-to-one correspondence between:

(i) pairs (m,n) of co-prime integers, where 0 < m < n, and exactly one of m and n
is odd;
(ii) primitive solutions (a, b, ¢) to (1), where a is even.

The correspondence is (z,y) — (2zy, y* — 22, y* + 2?). O

Problem 2. Solve
oyt =2 (2)

Solution. Let (a,b, ¢) be a solution, where a, b, ¢ > 0, and ged(a, b, ¢) = 1. Then (a?, b?, ¢?)
is a primitive Pythagorean triple (that is, solution to (1)). We may assume a is even,
and so

a?=2mn, bV =n*—m? A =n>+m?
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In particular,
m? +b* = n’.
Since ged(a, b) = 1, and every prime factor of m divides a, we have ged(m, b) = 1. Hence
(m,b,n) is a primitive Pythagorean triple. Also m is even, since b is odd. Hence

m=2de, b=e*—d* n=e+d*

for some d and e. Then
a® = 2mn = 4de(e* + d?).

But ged(d, e) = 1, so €2 + d? is prime to both d and e. Therefore each of d, e, and e? + d?
must be square: say

d=1r2 e=3s> e&E+d>=1t.
This gives t? = e* + d? = s* + r%; that is, (s, r,t) is a solution to
atyt =22 (3)
But (a, b, c?) is also a solution to this; moreover,
1<t <=+ =n<n®<n®*+m? =2

We never used that ¢? is a square. Thus, for every solution to (3) with positive entries,
there is a solution with positive entries in which the third entry is smaller. This is absurd;
therefore there is no such solution to (3), or to (2). O

We used here Fermat’s method of infinite descent.
In Elementary Number Theory I, we proved that the Diophantine equation

Ay + 2wt =n
is soluble for every positive integer n.

Problem 3. Find those n for which

15 soluble.
Solution. Let S be the set of such n. Since
(a® +0*)( + d*) = |a + bi|*|c + di|?
= |(a + bi)(c + di)|?
= |(ac — bd) + (ad + be)i|?
= (ac — bd)* + (ad + bd)?,
S is closed under multiplication. We ask now: Which primes are in S?
All squares are congruent to 0 or 1 modulo 4. Hence elements of S are congruent to 0,
1, or 2 modulo 4. Therefore S contains no primes that are congruent to 3 (mod 4).
However, S does contain 2, since 2 = 12 + 12,
Suppose p =1 (mod 4). Then —1 is a quadratic residue modulo p, so
~1=a*> (mod p)
for some a, where we may assume |a| < p/2. Hence

ad+1=tp
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for some positive t. This means tp € S. Let k be the least positive number such that

kp € S. Since
241 2)24+1 1
0<t:a+ <(p/>+ :]—9+—<p,
P j% 4 p

we have 0 < k <t < p. By assumption,

kp=b + ¢ (4)

for some b and ¢. There are d and e such that

d

b, e=c (mod k); \d|, e| <

N |

Then d* + €2 = b+ ¢ =0 (mod k), so
d* +e* = km (5)

for some m, where

21 2Ak/2? K
2 k 5 <

0o<m

But multiply (4) and (5), getting
mp = (b* + ¢®)(d® + €2)
= (bd — ce)® + (be + cd)?
= (bd + ce)® + (be — cd)?,
Since
bd+ce=b*+c*=0, be—cd=bc—cb=0 (mod k),
we can divide by k2, getting

o (bdtce 2+ be — cd\?
P=\ % k)
This implies mp € S. By minimality of k, we have m = 0. Therefore d? + ¢? = 0, so
d=0=e. Then b,c =0 (mod k), so

k* | kp,

and therefore k | p. This means k =1,s0p € S.
Finally, suppose n € S and p | n. Then n = a® + b? for some a and b, so

a>+ b =0 (mod p).

If p | a, then p | b, so p* | n, which means n is not square-free. If p{ a, then a is invertible
modulo p, so 1+ (b/a)? = 0 (mod p), which means —1 is a quadratic residue modulo p,
and so p=2orelse p=1 (mod 4).

The conclusion is that S contains just those numbers of the form n*m, where m is
square-free and has no prime factors congruent to 3 modulo 4. 0

2
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2. FEBRUARY 22, 2008 (FRIDAY)

Solving (1) in integers is related to finding integrals like
/ do
2+ 3sinf’

2, .2 2 T2 Y\? _ o — s
Ty =2 << (- +(=) =lorz=y=2=0.
z z

So finding Pythagorean triples corresponds to solving

Indeed,

x2+y2:1

in rationals. To do so, since the equation defines the unit circle, consider also the line
through (—1,0) with slope ¢, so that its Y-intercept is also ¢, as in Figure 1: this line is

Y

FIGURE 1. Finding the rational points of the circle

given by
y=tx+t. (6)
The circle and the line meet at (—1,0) and also (z,y), where
o+ (to +1)? =1,
(1+ )2 + 28+ -1 =0,
22 1—¢?

2
R
x+1+t2 o 1+¢t2

The constant term in the left member of the last equation is the product of the roots;
one of the roots is —1; so we get

(2.1) 1—¢2 2t
vy =|——— |-
Y T+ 14

If ¢ is rational, then so are the coordinates of this point, which is therefore a rational
point of the circle. Conversely, if  and y are rational, then so is ¢, by (6). Hence the

function
1—t* 2t
t | ——
1+¢271+¢2
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is a one-to-one correspondence, with inverse

(z,y) — T

between Q and the set of rational points (other than (—1,0)) of the unit circle.
Hence we can conclude that every integral solution of (1) is a multiple of
(1—1t22t,1+t%).

Taking ¢t = m/n and multiplying by n?, we get

2

(n* —m?,2mn, n* + m?).

We can convert v/2 into a continued fraction as follows:

1 1 1
V2=1+(V2-)=1+—F-=14———=14— =
V241 2+ (V2-1) - 1

V241

In the general procedure, given a real number z, we define a,, and &,, recursively as follows,
where square brackets denote the greatest-integer function:

ap = [z, §o = = — ap; (7)
(1 1
a1 = |—|, = — —ay;
1 _&J] &1 2 1
and generally
[ 1 1
ap = 5 n — — Qp, 8
_5n—1:| 6 Sn—l ( )
where &,_1 must be non-zero for a,, to be defined. Then
+¢ - + !
Tr = Q =a =aqa - = ...
0+ o 0 ot 0 L 1
a
P+ &

These are continued fractions. Taking z = /3, we get

ap=1, &=V3-1,

1_ve+1 6_¢3—1
60_ 9 ) 1 — 4 1 — 9 )
1

5—:¢3+1, ay =2, &H=V3-1,
1

and now the process repeats:

1, ifn=0,ornisodd;

§n = \/3—1

, 2, if n is positive and even.
2

V3 —1, ifnis even;
a, =
if n is odd;
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It appears that

V3=1+ (9)
1+

2+
1+

1

1
24 —

But to make this precise, we need some notion of convergence. To define this, we introduce
some notation. Here square brackets do not denote the greatest-integer function:

[QO] = Qo,

1

lao; a1] = ag + —,

ai

1
lag; a1, as) = ag + T
aq + —
a2
and so forth, so that
1
lag; ay, ..., any1] = lag; a1, .., apn_1,an + ]. (10)
Qp+1

Here we must have a,, # 0 when n > 0; we shall assume also a,, > 0 when n > 0. We
can also use the notation in the infinite case. For example, from /3, we have obtained
[1;1,2,1,2,...], which we can write as

[1;1,2].

But again, we have not yet established that this notation defines a particular number.

3. FEBRUARY 26, 2008 (TUESDAY)

The process of obtaining the sequences (a,: n € w) and (§,: n € w) from z as above
can be compared with the Euclidean algorithm: To find ged(155,42), we compute

155 =42 -3 4 29,

42 =291+ 13,
29 =132+ 3,
13=3-4+1,

3=1-34+0.
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We can rewrite this as

155] 155 29
2| BT T
49"
) _ w1
29 29 29
90"
2] _, 2 _, 3
13 13 13
[13] 13 1
Pl oy 24—
El 3
3] 3
=3, 2-3=0
-7 1
Thus, when z = 155/42, then the sequence of a,, is just (3, 1,2,4,3), and
155 1
— =34 —FF
42 + L+ 1
2+ !
4+ !
3
Thus we can write every fraction as a (finite) continued fraction [a¢; a1, ..., a,], where

the a; are integers, and all of them are positive except perhaps ag. Such a continued
fraction is called simple. We shall work only with simple continued fractions. But the
continued fraction obtained for irrational = does not terminate.

The kth convergent of [ag; a1, ...] is [ag;ai, ..., ax]. For example, the convergents of
[1;1,2] are
5 7 19 26 71 97
37 47 117 157 417 56’
by a tedious computation to be made easier in a moment. How are these convergents as
approximations of v/3? We have

5\ 25
() il 25 —3-9=—2,

1, 2,

3 9’
7\? 49
) == 49 -3-16=1
<4) T 9—-3-16 =1,
19\% 361
) === 1-3-121 = -2
(11) 121° 361 =3 ’
26\% 676
=) == —3.225=1
(15) o 676 — 3-225 =1,
71\? 5041
- - 41 — 3-1681 = —2.
(41) 1681’ o 3168
We shall define p, and ¢ so that
Pk _ lag; ay, ..., agl, (11)

4k
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the kth convergent of [ag; ay,...]. We start with

Do
— = ay, Po = ao, qGp =1;
qo0
D 1 aga; + 1
T —gt— =", p1 = poar + 1, q1 = ay; (12)
q1 a1 a1
D2 1 Aot + ag + as
— =ap+ = . ) P2 = p102 + Po, q2 = q102 + qQo-
2 1 a1a9 +1

ay + —

a2

Following this pattern, we define
Dk+2 = DPk+10k+2 + Dk, Gk+2 = Qe+10k+2 + G- (13)
Theorem 1. Equation (11) holds for all k in w.

Proof. Use induction. The claim holds when k£ = 0. By assuming the claim for some k,

we can compute [ag; aq, . .., axy 3] from it, replacing ax,o with agyo + 1/ag.3:
1
Prt1- | Qa2+ — | + Dk
) " ( " ak+3) Dk+10k+20k+3 + Dk+1 T DkQk+3
[ao,ab -,ak+3]: 1 :q i s ¥ qua

kt10k+20k+3 + Qi1 + Qrlrgs3

Q41 <6Lk+2 + a—) + Gk AR * *
k+3

_ Dr4+20k+3 + Pk+1
Qk+20k+3 + Qkt1

By induction, we have (11) for all . O
Is pr/qy in lowest terms?
Theorem 2. The integers py and q. are co-prime; in fact,

DPk+1 Pk _ (—1)*

qk+1 4k C_Il<:+1(1k;7

equivalently,

Pr+19k — Prqr+1 = (—1)k-

Proof. Again use induction. We have
P1 Po 1 - (—1)0

q1  qo ai q19o0
so the claim holds when k£ = 0. Suppose it holds for some k. Then

Y

Pk+2qk+1 — Pe+1Gk+2 = (pk+1ak+2 + pk)CIk+1 - pk+1(Qk+1ak+2 + C]k) = Pk4k+1 — Pk+19k,

which is = —(—1)* or (—1)**1. Thus the claim holds for all k. O
Corollary. {po,/qon} is increasing, and {poni1/qons1} is decreasing, and
Po_p2_ P _ P
4o q2 g3 q1

The two sequences converge to the same limit. If the convergents are obtained as above
from x, then their limit is x.

Now we are justified in writing (g), for example.
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Xx * * * Xx

With these tools, we turn now to the Pell equation,

v? —dy® = 1. (14)
We first take care of some trivial cases:
(i) If d < —1, then (z,y) = (£1,0).
(ii) If d = —1, then (z,y) is (£1,0) or (0,+1).
(iii) If d = 0, then = 41, while y is anything.
(iv) If d is a positive square, as a?, then 1 = (z + ay)(x — ay), so x + ay are alike +1,
and therefore y = 0 and z = £1.

Henceforth we assume d is a positive non-square. Then (14) still has the solution (%1, 0);
but perhaps it has others too. Indeed, in case d = 3, we found (on p. 9) solutions (49, 16)
and (676,225), with a possibility of finding more if the pattern continues.

Suppose (a, b) and (s,t) are solutions to (14). Then

a? —dv? =1, 2 —dt* =1,
so multiplication gives
1 = (a® — db*)(s* — dt*) = (as % dbt)* — d(at £ bs)?, (15)

so (as & dbt,at £ bs) is a solution. We can repeat this process on (a,b) as follows. We
can define the ordered pair (a,,b,) of integers by

tn + bpVd = (a + bV/d)".
Then also a, — b,v/d = (a — by/d)", so
—db,? = (an + bpVd)(an — bpVd) = (a +bVd)"(a — bVd)" = (a® — b?d)" =

and (an, by) is a solution. If a+bv/d > 1, then these solutions (a,, b,) must all be distinct.
We ask now: Is there one solution (a,b) such that a + by/d > 17

Lemma 1. If d is a positive non-square, then, for some positive k, the equation
2 —dy? =k (16)
has infinitely many solutions.

Proof. Let (pn/q.: n € w) be the sequence of convergents for v/d. When n is odd, we
have

0<Pr g Br  Porl <L
an dn  4n+1 Qn+19n  qn
n 2 n
0<iry Vi< 2
Gn Qn
multiplying gives
n 2py, 2p, 2
0<p—2—d<L 0 < pn? dqn<L ﬂ.
dn Qn dn q1
Thus there are finitely many possibilities for p,? — dg,?, so one of them must be realized
infinitely many times. O

If (a,b) solves (14), and each of a and b is positive, then let us refer to (a,b) as a
positive solution.
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Lemma 2. If d is a positive non-square, then the equation (14) has a positive solution.

Proof. By the previous lemma, we may let k be a positive number such that (16) has
infinitely many solutions. But there are just finitely many pairs (a, b) such that 0 < a < k
and 0 < b < k. Hence there must be one such pair for which (16) together with the
congruences

r=a, y=b (modk)

have infinitely many solutions. Let (m,n) and (s,t) be two such solutions. Then by the
identity in (15), we have

k? = (m? — dn?)(s* — dt*) = (ms — dnt)? — d(mt — ns)?>.
But we have also
ms—dnt=m?—dn*>=0, mt—ns=mn—nm=0 (mod k).

So we can divide by k? to get

Hence (|ms — dnt|/k,|mt — ns|/k) is a positive solution to (14). O

Theorem 3. If d is a positive non-square, let (a,b) be the positive solution (£,m) of (14)
for which € + m~/d is minimized. Then the equation (14) has just the solutions (s,t),
where (|s|,|t]) = (an, by) for some non-negative integer n, where a, +b,/d = (a+bv/d)™.

Proof. Let (a,b) be as in the statement. (It exists by Lemma 2.) Then a + bv/d > 1,
so the powers of a + by/d grow arbitrarily large. We know that all of the (ay,,b,) are
solutions of (14). Let (s,t) be an arbitrary positive solution. Then

(a+ b\/d)" <s+tVd < (a + b\/d)”+1

for some non-negative n. Since (a + byv/d)(a — bv/d) = 1, and a + b\/d is positive, so is
a — bv/d. We can therefore multiply by the nth power of this, getting

1< (s+tvVd)(a—bVd)" < a+bVd.

But we have
(s +tVd)(a — bVd)" = L +mVd

for some ¢ and m, and then also (s — tv/d)(a + bv/d)" = £ — m+/d. Hence (> — m?d = 1,
so (¢,m) is a solution of (14). But we have

1<l +mvd < a+bV/d.

Hence 0 < £ — mv/d < 1, so neither ¢ nor m can be negative. By minimality of a + b\/d,
we must have ¢ +my/d =1, so (s,t) = (an, b,). O



ELEMENTARY NUMBER THEORY II 13

4. MARCH 4, 2008 (TUESDAY)

If I} is a subfield of a field F5,, then F3 is a vector-space over Fj: the dimension is

denoted by
[FQ : Fl]

If K is a field such that Q C K, and [K : Q] = 2, we say K is a quadratic field.

Suppose K is a quadratic field. In particular, there is x in K ~\ Q. Then 1 and x are
linearly independent over @, so {1, x} must be a basis of K over Q. In particular,

2 +br+c=0
for some b and ¢ in Q, so
_ —bE Vb —4c
— 5 .
Then Vb2 — 4c € K~ Q. We can write b> — 4c as s2d, where s € Q and d is a square-free
integer different from 1. Then v/d € K \ Q, so {1,/d} is a basis of K, and
K={z+yVd: z,y € Q}.

Also, K is the smallest subfield of C that contains v/d; so we can denote K by

Q(Vd).
It is an exercise to check that, conversely, we always have
Q(Vd) = {z +yVd: 2,y € Q}.

In particular, if a,b € QQ, and b # 0, then, assuming d is not a square, we have

1 —bvd b

_azbvd o V.
a+bvd a?—0%d a?—bd a?—b3d
So non-zero elements of {z + yv/d: =,y € Q} have multiplicative inverses.
A rational number is an integer if and only if it satisfies an equation

X

r+c=0,

where ¢ € Z. This is a trivial observation, but it motivates the following definition. An
element of a quadratic field is an integer of that field if it is an integer in the old sense,
or else it satisfies an equation

2?2 +br+c=0,

where b, ¢ € Z. Henceforth, integers in the old sense can be called rational integers.
More generally, an algebraic integer is the root of an equation

"+ ag" o ap1r +a, =0,

where a; € Z; but we shall not go beyond the quadratic case, n = 2.

The integers of Q(i), that is, Q(v/—1), are called the Gaussian integers. The subset
{z+yi: z,y € Z} of Q(i) is denoted by

Zli.

Theorem 4. The Gaussian integers compose the set Z[i].
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Proof. Let a = m +ni. Then (o —m)? = (ni)? = —n?, so a? — 2ma +m? +n? = 0, and
« is a Gaussian integer.
Suppose conversely « is a Gaussian integer. Then a? + ba + ¢ = 0 (by definition) for

some b and ¢ in Z. Hence
IUE=RY, b2 — 4c

2
We must have o € Q(i). So +(b? — 4c) is a square in Z. Say b*> — 4c = +e®. Then

VFe?=4c=0 (mod4); b=e (mod 2).

(67

Also,
—b+te —b+ei
a=— ora=—p—.
Ifb=e=0 (mod 2), then visin Zor Z®Zi. f b=e =1 (mod 2), then 4 { b + €2, so
b? — e? = 4c, which means b? — 4c = €2, so that o € Z. O

It is an exercise to check that Z[i] is a ring. But multiplicative inverses may fail to
exist in Z[i]. For example, 2 € Z[i], but 1/2 ¢ Z[i].
The norm on Q(i) is the function given by

N(a + bi) = a® + b* = |a + bi|*; (17)
so its values are non-negative rational numbers, and

N(af) = N(a) N(5).

Note that
r a — bi B a — bi
a+bi a2+  N(a+bi)
Hence .
- € Z]i] <= N(a+1bi) =+x1 <= N(a+bi) =1
a + bi

So a + bi is a unit of Z[i] if and only if a> 4+ b* = 1, and the unit Gaussian integers are 41
and =i.

5. MARCH 7, 2008 (FRIDAY)

An integral domain (tamlik alani), or simply a domain, is a sub-ring of a field. For
us, the field will usually be C. As an example, Z[i] is an integral domain. A FEuclidean
domain is a domain in which the Fuclidean algorithm works. This means we can perform
division with remainder, where the remainder is “smaller” than the divisor; and a sequence
of remainders of decreasing size must terminate. Since decreasing sequences of natural
numbers must terminate, we shall use natural numbers to measure size. So, formally, a
domain R is a Euclidean domain if there is a function  — d(z), the degree, from
R ~ {0} into N such that, for all « and § in R, if § # 0, then the system

a=fr+y&d(y) <dp)

is soluble in R.
Gaussian integers have a size, namely the absolute value, but this need not be a rational
integer. The square is, however. So we let d(z) be the norm N(z) as in (17).

Theorem 5. Z[i] with x — N(x) is a Euclidean domain.
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Proof. Given « and 3 in Z[i], where 3 # 0, we must solve
a =Pz +y & N(y) <N(B)

The Gaussian-integral multiples of 5 compose a square lattice (kafes) in C, as in Figure 2.
Then « is in one of the squares whose vertices are among these multiples. The closest

Y e

FIGURE 2. A lattice of Gaussian multiples

vertex to « is some vy such that

V2

a2 <18, Na—) < 5NE)

So our solution is (v/f3,a — 7). O

Doing the proof more algebraically, we have a//3 = r+ si for some r and s in Q. There
are m and n in Z such that |r —m|, |s —n| < 1/2. Then
. « . .
N(ow = B(m + ni)) = N(5) N(B — (m+mni)) = N(B) N(r —m + (s — n)i) < 5 N(B).
Now we can find greatest common divisors in Z[i]. In any domain, a greatest common
divisor of two elements a and 3, not both 0, is a common divisor that is divisible by
every other common divisor. This greatest common divisor need not be unique. Two

greatest common divisors divide each other and so are called associates. Conversely,
the associate of a greatest common divisor is a greatest common divisor.

Problem 4. In Z[i], find a greatest common divisor of 7+ 6i and —1 + Ti.

Solution. We can compute thus:
7+6i  (T+6i)(-1-7i) 35-55 711 -3—1i

147 50 50 10 ST

T46i=(—147)(1—1i)+ (=1+ 711)0(—3 - _ (=14 7i)(1 —i) +1—2i,
—147 (=1+7i)(1 4+ 2i)

1—2i 5

= —3+1
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So 1 — 2i is a greatest common divisor of 7 + 6i and —1 + 7i. The others are obtained
by multiplying by the units of Z[i], namely £1 and +i. So the ged’s are £(1 — 2i) and
+(2 +1). O

6. MARCH 11, 2008 (TUESDAY)

All Euclidean domains are principal-ideal domains, and all principal-ideal domains are
unique-factorization domains; therefore Zli] is a unique-factorization domain. But
we can prove this directly, using that

N(&n) = N(&§) N(n).
First, an element of any domain, other than 0 or a unit, is irreducible if its only divisors
are itself and units. Suppose « is a reducible Gaussian integer. Then

o= [Py
for some  and 7, neither of which is a unit. But then N(/3) and N(v) are greater than
1, so
1 < N(f) < N(«), 1 < N(v) < N(«).

Since there is no infinite strictly decreasing sequence of natural numbers, the process of
factorizing the factors of a as products of non-units must terminate. Thus a can be
written as a product of irreducible factors.

The definition of unique-factorization domain requires that irreducible factorizations
must be unique. This means, if

oy -+ - Ot = Pofy -+ - P,
where each «; and each f; are irreducible, then each o; must be an associate of some

B;. To prove this for Z[i], it is enough to show that each irreducible Gaussian integer is
prime. In any domain, an element « (not 0 or a unit) is prime, provided

alBr&atf = alny.

In Z[i], suppose « is irreducible, and « | 8y & a t 5. Then the greatest common divisors
of a and (3 are just the units, and we have

af +0n=1
for some ¢ and 7 in Z[i]. But then

o€+ fyn =,
and since « divides the two summands on the left, it divides ~.
We now ask: What are the primes of Z[i]? Suppose 7 is one of them. Then 7 is not a
unit, so N(7) has rational-prime factors. But

7w = N(m).
Therefore, since 7 is prime, we have
™| p
for some rational-prime factor of N(7). If ¢ is another rational prime, then ap + bg = 1
for some rational integers a and b. Since 71 1, it must be that 7 1 ¢. Thus p is unique.
We now consider three cases:
(i) p=2;
(ii) 3 (mod 4);
1

p=
(iii) p=1 (mod 4).
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We have
2= (1+i)(1—1).
Also, 1 £ i must be irreducible, since N(1 £1i) = 2 (so if 1 £1 = af, then « or § must
have norm 1 and so be a unit). So we have the unique prime factorization of 2. Also 141
and 1 — i are associates. Hence the only prime divisors of 2 are the four associates
1+i, 1—1i, —1+4i, -1-i
Now suppose p = 3 (mod 4), and 7 | p. Then N(7) | N(p), that is,
7T | PP
So 77 is either p? or p. But the latter is impossible, since N(7) = 2%+ y? = 0,1, or 2
(mod 4). Therefore
T = p2.
But 77 is a prime factorization, so it is unique. Therefore m and 7 are associates of p
and hence of each other. In short, p is a Gaussian prime.
Finally, suppose p =1 (mod 4). Then —1 is a quadratic residue modulo p, so —1 = x
(mod p) for some x, that is, p | 1 + 22, and therefore

p| (14 zi)(1 — zi).

But (1 &+ zi)/p is not a Gaussian integer. Therefore p must not be a Gaussian prime.
Consequently, if 7 is a prime factor of p, then N(7) = p, that is,

2

T = P.

This is a prime factorization. Moreover, m and 7 are not associates. Indeed, 7 = x + yi
for some rational integers x and vy, so that

T (x+yl)? 2 —y?+ 2y

i p p '
If this is a Gaussian integer, then p | 2xy, so p | zy (since p is odd), so p < 2% + y* = p,
which is absurd. We have now shown:

Theorem 6. The Gaussian primes are precisely the associates of the following:
(i) 1+1;
(i) the rational primes p, where p =3 (mod 4);
(iii) o, where N(«) is a rational prime p such that p = 1 (mod 4) (and two such
non-associated « exist for every such p).

If n is a positive rational integer, then the Diophantine equation
Pyt =n (18)
is soluble if and only if the equation

NE) =n (19)
is soluble, where ¢ is a Gaussian integer. Moreover, there is a bijection (z,y) — = + yi
between the solution-sets. We now have an alternative proof, using general theory, that,
when n is a rational prime p, then (18) has a solution if and only if p = 2 or p = 1
(mod 4).

Indeed, if n = p =1 (mod 4), then (19) has exactly 8 solutions: the associates of 7 for
some prime 7, and the associates of 7. Then the solutions when n = p? are the associates
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of 72, of 77, and of 72, so there are 12 solutions. But if p # ¢ = 1 (mod 4), then there
are 16 solutions when n = pq.

Lemma 3. The number of solutions of (18) is 4(a —b), where

a=|{reN:z|n&n=1}, b=|{reN:z|n&n=3},
the modulus being 4.
Proof. Exercise. 0

Theorem 7. Let 7t be the circumference of the unit circle; then

T 1+1 1+
4~ 3 5 7

Proof. The area of a circle of radius r is 7tr?. Hence

~{EeZl]: 1<l <} = §:H£EZ N(¢§) = n}l.

(See Figure 3.) By Lemma 3, to this number, each positive 4m + 1 contributes 4 for each

FIGURE 3. Estimating the area of a circle

of its multiples between 1 and 72, while each positive 4m + 3 takes away 4 for each such
multiple. Therefore

L (-l B

Dividing by r? and taking the limit yields the claim. (For details, see [5].) O
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Recall the Pell equation (14),
1=2 —dy® = (x + yVd)(z — Vd). (20)

This factorization suggests looking at Q(v/d). Let us assume d is square-free.

We may write K for Q(v/d); here K is for the German Kérper “body”, the name in
most languages (besides English) for a field.

On K we define £ — & by

(a+bVd) =a—bVd.
When d < 0, this is complex conjugation. We then define:
(i) Tr(a) = a + o/, the trace of «a;
(ii) N(a) = aad/, the norm of a.
These are rational numbers. Indeed, if o = a + bv/d, then
Tr(a) = 2a, N(a) = a* — b?d.
Also, « is a root of
(z—a)(z—ad)=2"—-(a+a)z+ad =2° — Tr(a)z + N(a).
If o & Q, then this must be the minimal polynomial of « over QQ, that is, the polynomial
of least degree with rational coefficients, and leading coefficient 1, of which « is a root.
(This must exist, since the ring Q[z] of polynomials is a Euclidean domain with respect
to degree.) Therefore, if o € Q(v/d) \ Q, then the following are equivalent:
(i) @* —ma —n = 0 for some rational integers m and n;
(ii) Tr(«) and N(«) are rational integers.
So we have two equivalent conditions for being a an integer of Q(+/d). The set of these
integers can be denoted by
O.
This is a ring, hence an integral domain, since if Tr(«;) and N(«;) are in Z, then so are
Tr(ap + 1) and N(ap + aq) and Tr(apa;) and N(aga;) (exercise).

7. MARCH 14, 2008 (FRIDAY)

Moreover, N(af3) = N(a)) N(/3). This is simply because (a) = /(3.
Immediately,
ZIVd) = {z +yVd: v,y € Z} C .
How about the reverse? Suppose a = a + bv/d € Ok. Then 2a,a®> — b*d € Z. Consider
two cases:
(i) If a € Z, then b%*d € Z, so b € Z (since d is square-free), which means « € Z[v/d].
(ii) Suppose a € Z. Then 2a is odd, so, modulo 4, we have 4a®> = (2a)*> = 1. But
also 4a® — 4b*d = 0, so that (2b)?d = 4b*d = 4a®> = 1. Since (2b)> =0 or 1, we
conclude (2b)? = 1, hence d = 1.
But now suppose d = 1. We have shown, if a ¢ Z[v/d], that 2a and 2b are odd, so that
1++/d GZ[l—i—\/d]
2 2

Conversely, if @ = (1 + v/d)/2, then (2a — 1)? = d, so 4a® — 4a +1 — d = 0, hence
a* —a+ (1 —d)/4 =0, which means a € O (since d =1 (mod 4)). Thus:

a=a—-b+b+bV/d=a—b+2b-
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Theorem 8. The ring of integers of K is given by

Z[Vd], ifd=2 or3 (mod4);
O = 1+Vd

Z[ +2\/ } ifd=1 (mod 4).

* * * * %
Assuming a, b, c € Q, let
f(z,y) = az® + bay + cy?; (21)
this is a binary quadratic form. We shall investigate the rational-integral solutions of
flz,y) =m,

where m € Q. The Pell equation (20) is a special case. We can factorize f over a
quadratic field by completing the square:

f(z,y) :a<x2+2-xy+4b—;~y2> - (E —c>y2

where D = b? — 4ac, the discriminant of f. Then

S = o 2 ) o+ 40 )

:2<a:’3+b+2ﬂ) 'y)<“x+b_2ﬂ) 'y>‘

We can write D as s?d, where s € Q, but d is a square-free rational integer. Working in

Q(V/d), letting

_b+VD  b+sVd

aZa? /8 2 2 Y

we have X .
f(z.y) = —(az + By)(a’z + f'y) = — N(az + fy).

Moreover, o and 3 are linearly independent over QQ; that is, the only rational solution to
azr + By =01is (0,0).
For any a and 3 in K (which is Q(v/d)), let us denote the set {ax + By : x,y € Z} of
all rational-integral linear combinations of a and ( by
Za+ 705 or (a,f).

If a and 3 are linearly independent over Q, then (o, ) is a lattice in K: that is, («, )
is a free abelian subgroup of K, and the number of generators is the dimension [K : Q).
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For example, as a group, O is the lattice (1,w), where

Vd, if d=2or3 (mod 4);
w=91+d
5
Henceforth w will always have this meaning.
In general, if A is a lattice in K, let
End(A) ={{ € C: £A C A}

This set is a sub-ring of K and and can be understood as the ring of endomorphisms
of the abelian group A. That is, the function £ — «& is an endomorphism of A if and
only if @ € End(A). For example, if A = (1,i) in Q(i), then End(A) = (1,1).

But suppose A = (1, 7), where

ifd=1 (mod 4).

-1+ VT

S —

Then (47+1)* = —7,50 1672487 +8 = 0, or 272+ 7+1 = 0. Suppose x +y7 € End(A).
Equivalently, A contains both z + y7 and (z + y7)7. But

T

1
(z+yr)r=a7+yrl =27 +Yy T2 Z—%—i-(x—%)r
So y must be even. Conversely, this is enough to ensure x + y7 € End(A). Thus
End(A) = (1,27).

See Figure 4.

*—>
*—>

2T

FIGURE 4. A lattice and its endomorphisms

8. MARCH 18, 2008 (TUESDAY)

To give a sense for where things may lead (though not in this course; but see for
example [7]): In a more general sense, a lattice is a subgroup Za + Zf or (a, 3) of C
such that o # 0 and #/a € R. Let A be such a lattice. Then we can form the quotient
group C/A. Geometrically, this is the parallelogram with vertices 0, «, 3, and o + 3 (as
in Figure 5), with opposite edges identified: thus it is a torus. There is a function g,
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a+p3

0

FIGURE 5. A fundamental parallelogram of a lattice

that is, p4: the Weierstrafy function, given by
1 1 1
plx) =5+ D <ﬁ——2)-
This is doubly periodic, with period A: that is,
(el = p(z+ () = p(z) for all z.
Hence g is well-defined as a function on the torus C/A. There are g, and g3 (depending
on A) in C such that (p(z), ©'(2)) solves the equation
?JQ = 4a” — g2 — gs-.

This equation defines an elliptic curve (Figure 6). This curve can be made into a group

FIGURE 6. An elliptic curve

by the rule that, if a straight line meets the curve in P, ), and R, then P+ Q + R = 0.
(Also, a vertical line meets the curve at the ‘point at infinity’, which is defined to be the
0 of the group.) Then (p, ') is an isomorphism from C/A to the elliptic curve.

An analytic endomorphism of C/A is a function z — «z, where a € C, such that
a/d C A. The set of these a is what we are calling End(A4). Always Z C End(4). You
can show that Z = End(A) if and only if 5/« is not quadratic—mot the root of some
2% 4+ bx + ¢, where b, c € Q.
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We are interested in the quadratic case. Again suppose K = Q(+/d), where d is square-
free. Say «, € K, and (o, ) is a lattice A. In particular then, a # 0 and /o € Q.
Every element ax + [y of A is a matrix product:

ax+ Py = (z y) <g)

Then (v, ) C (a, 3) if and only if

()= ) 0)

for some z, y, z, and w in Z. Then (v,0) = («, () if and only if

() =+C)

for some invertible matrix M over Z: this means det M = +1.
Along with the sub-ring End(A) of K, we have the sub-ring O . What is the relation
between the two rings?

Lemma 4. End(4) C Ok.
Proof. Suppose v € End(A). Then there are x, y, z, and w in Z such that
Ty ay) a (v 0\ [« 0\ (y—x -y o
> w)\p) " 7\B)"\0 A)\B) o) T\ =z y-w)\B)

Hence the last square matrix is not invertible over any field, so its determinant is 0: that
is,

O=C"—2)(y—w) —yz=7*— (2 +w)y + 2w — yz.
Since the coefficients here belong to Z, we have that v € O. O

Problem 5. Solve the Pell equation
vt — 14y* = 1. (22)
Solution. We first find the continued fraction expansion of /14 by our algorithm:
ap =3, & =+V14-3;

1 V14 +3 V14 — 2
\/14_3: 5 s a; =1, leTS
5 V14 + 2 V14 — 2
\/14_2= 5 as =2, fng;
2 V14 + 2 V14 -3
= ; as =1, 3= ——;
V14 —2 5 5
5

—¢14_3:¢14+3, ay =6, &=vV14-3=¢;
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therefore
V14 =[3;T1,2,1, 6.

For the convergents p,,/¢,, we have

po 3 pr 4 Pn _ GnPn—1 + P2
o U @ 1 qn a1+ Guo’
so the list is
3 4 11 15 101
11 37 47 21’

Check for a solution to (22):
32 —-14-1% = -5,
42 -14.12 =2,
117 — 14 - 3* = 121 — 126 = —5,
152 —14-4* =225 - (15 - 1)(15+ 1) = 1.
Then 15/4 = [3;1,2,1], and (15,4) solves (22). This is the positive solution (a,b) for

which a + by/14 is least: we shall prove this later, but meanwhile you can check it by
trying all pairs (a,b) such that 0 < a < 15 and 0 < b < 4. Then every positive solution is

(an,byn), where a, + b,V 14 = (15 + 4\/14)”.

Moreover, each of these solutions is (pan3, qunis), and

p4n+3 = [3;17271767"'71727176717271]
Q4n+3 —

Indeed, if (k, ¢) is a solution, then by the computation

(15 4 4v/14) (k + €+/14) = 15k + 56( + (4k + 150)V/14,

we have that (15k + 564, 4k 4+ 15¢) is a solution. But also, writing (p4n+3, ans3) as (a,b),
we have

1 1
p4””:[3;1,2,1,3+9]:3+ 34
Qan+7 b 14 1 " 1
2+ ! 2+ !
1—1——1 1+ b
a a—+3b
3+ —
b
_ay 1 a4 1 _3+3a+11b_15a+56b
B - 1 B - a+4b " 4a+15b  da+15b°
2+a+3b 3a + 11D
a+4b
By induction, our claim is proved. O

The expansion [3;1,2, 1, 6] of v/14 has the period (1,2,1,6) of length 4, which is even.
But
V13 =1[3;1,1,1,1, 6| (23)
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with a period of odd length 5. The convergents p,/q, of v/d are alternately above and

below v/d (assuming this is irrational); in particular, the convergents pa,/gs, are below.
Therefore [3;1,1,1, 1] cannot provide a solution to 2% — 13y? = 1. But

3;1,1,1,1,6,1,1,1,1]

does provide the fundamental solution that generates the others: the solutions here are
P10n+9/q10n+9-

9. MARCH 25, 2008 (TUESDAY)

A problem on last night’s examination was to find solutions to the Diophantine equation
227 — 3y* = 2. (24)

Let us define

:2(x+¢§-y><x—@-y>
:%(2x+\/6-y)(2$—\/6‘y)'

Working in Q(v/6), we have
fla,y) = %N(er +V6-y) = %N(ax + By),

where o = 2 and 3 = v/6. We have a bijection (x,y) — ax + By between:

(i) the solution-set of (24);
(ii) the set of £ in («, B) such that N(§) = 4.

In particular, (5,4) is a solution of (24), and N(5« + 43) = 4. Then other solutions to
N(¢) = 4 include € - (5 + 403), provided:
(i) N(e) = 1;
(i) € - (ba + 43) € (a, B),—and this is achieved if e(a, ) C (a, ), that is, ¢ €
End({a, 3)).

Let f(x,y) = ax® + bxy + cy? for some a, b, and ¢ in Q (as in (21)). Again, the
discriminant of f is given by

D = b — dac = $%d,
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where s € Q\{0}, d € Z, and d is square-free or 0. Let us assume d # 0 or 1: equivalently,
VD & Q. Then a # 0. By the quadratic formula,

o) = oo = V) (o - LoD
- %(m 42 —2\/Dy) (”T 42 +2\/Dy)
= %(O/x + B'y)(ax + By)
= % N(az + By),

where o = a and 3 = (b+ +/D)/2, and the computations are in K, where K = Q(v/d).
Since v/D is irrational, we have 3/a ¢ Q, that is, a and 3 are linearly independent over
Q; equivalently, {«, 5} is a basis of K over Q.

Now suppose conversely «, 3 € K. Let

f(z,y) = N(az + By) = (az + By)('z + §'y) = N(a)z + Tr(af)zy + N(B)y’.
Then

D =Tr(af)? —4N(ap) = (af' + 'B)? — 4aBd' 3 = (af — 'B)? =

712
a

g g

Lemma 5. Let K be a quadratic field Q(\/d), where d is a square-free rational integer
(different from 1). Let o, B € K, and let D be the discriminant of the quadratic form
N(ax + By). Then D = s*d for some s in Q. The following are equivalent:

(i) D #0;
(ii) o and B are linearly independent over Q;
(iii) v/D is irrational.

Proof. If a = 0, then (i), (ii), and (iii) all fail. Suppose o # 0. Then we can write 5/«
as 7+ tv/d for some r and t in Q. From (25), we have

D= (w(ﬁ/ - ﬁ))z - N(@?((ﬁ)' - (@))2 = N(a)? - 4t%d = (2t N(a))? - d.

o« a o

(25)

Since 2t N(a) € Q, we have
VDEQ < D=0 < t=0 < B/a € Q.
Thus, (i), (ii), and (iii) are again equivalent. O

We have observed that two lattices (o, ) and (v, d) of K are the same lattice A if and

only if <g) - (i Z) (g)

for some a, b, ¢, and d in Z such that ad — bc = £1. In this case,

()=o) s

2

so that
/12
a

g g

v v
o o
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Then this number is the discriminant of A, and we write

/12

AM) =D B) =[5y

So this is the discriminant of the quadratic forms N(az + fy) and N(yz + dy).

Lemma 6. Suppose o, 3 € K. Then
(i) Ala, 8) € Q;
(i) a, B € Ox = Ala, ) € Z;
(iii) {a, B} is a basis for K if and only if A« ) # 0.
Proof. We have (i) and (iii) by Lemma 5. As for (ii), if o, € Ok, then A(«a, ) €
Ox NQ = Z (exercise). O

Suppose
f(z,y) = 22* + 6xy + 3y>.
Then D =36 — 24 = 12 =22 - 3. Also

f(z,y) = 2<x2 + 3zy + ggﬁ) = 2<x— _3%2\/3?4) (x— —3%2\/330

= %(295 +(34+2V3)y) (22 + (3 - 2v3)y).
So we have a bijection (,y) — 22 + (3 4+ 2v/3)y between {(z,y) € Z x Z: f(z,y) = m}

and {€ € (2,3 +2v/3): N(¢) = 2m}, where the norm is computed in Q(v/3). We can
write the form as a matrix product:

=t 0 (23 ()

Then making a change of variable, as by

x\  (a b\ [(u
y) \e¢ d)\v)’
means forming a new product

woly oG e )

Such a change may be useful particularly if what we want to understand is the possible
values of f(z,y).

*x * Xx * *

As usual, let d be square-free, and different from 1; and K = Q(v/d).

Lemma 7. Let L be a subset of K. Then L is a lattice of K if and only if:

(i) L is an additive subgroup of K (that is, K contains 0 and is closed under addition
and subtraction);
(ii) as a vector-space, K is spanned by L (over Q);
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(iii) nL C Ok for some n in Z ~ {0}.

Proof. Suppose L is a lattice of K. Then (i) and (ii) hold by definition of lattice. Also
L = (a, ) for some o and # in K. But O is a lattice (1,w) for some w. In particular,
(1,w) spans K. So a = k + {w and [ = r + sw for some k, ¢, r, and s in Q. Let n be a
common multiple of their denominators. Then na,nf € O, so nL C Og.

Now suppose conversely that (i), (ii), and (iii) hold. Then L contains o and 3 such
that {«, #} is a basis for K; and there is n in Z ~ {0} such that, for every such basis,
na,nf € Ok. By Lemma 6, this means A(na,nf) € Z. Also A(a, ) # 0. So we
may suppose a and [ have been chosen from L so as to minimize |A(na,n)|, which is
n* A(a, 3)|. We shall show L = («, 3). Suppose v € L. Then v € K, so

v =ar+ (s
for some r and s in Q. We want to show r, s € Z. Since
v —alr] = alr—[r]) + Bs,

we have

By minimality of |A(«, 3)|, we must have r — [r] =0, so r € Z. By symmetry, s € Z. 0O

10. MARCH 28, 2008 (FRIDAY)

If A is a lattice of K, then the ring End(A) is also called the order of A and denoted
by
4.

By Lemma 4, we know that this is a sub-ring of O.

Lemma 8. Let A be a lattice of K. Then 4 is also a lattice of K.
Proof. By Lemma 7, it is enough to show that O, spans K over Q. Write A as («, ).

Let v € K. Then
a\ _ [(r s\ [«
T\p) =\t u)\p

for some rational numbers r, s, ¢, and u. Let n be a common multiple of their denomi-
nators. Then nyA C A, that is, ny € O4. But v = (1/n)ny. O

Theorem 9. O, = (1, cw) for some positive rational integer c.

Proof. We know 1 € D4 and O, C (1,w). Since O, is a lattice, we must therefore have
m + nw € 9, for some integers m and n, where n # 0. Hence nw € O,4. Let ¢ be
the least positive integer such that cw € 9D ,4. Then (1,cw) C O,. Conversely, suppose
m+nw € O4. Then nw € O 4, hence ged (e, n)w € O 4. By minimality of ¢, we must have
ged(e,n) = ¢, s0 ¢ | n. Thus O C (1, cw). O

The number ¢ in the theorem is called the conductor of O 4.

Lemma 9. ©.,4 = 9, for all non-zero v in K.
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Proof. Since £ — ~¢ is a bijection from K to itself, we have £A C A <— &yA CHyA. O
In looking for O 4, we may therefore assume that A = (1, 7) for some 7. Then
ar> +br+c=0
for some a, b, and ¢ in Z, where ged(a,b,c¢) =1 and a > 0. Then
ar® = —br — ¢,

which shows (1,ar) C ©O,. That this inclusion is an equality can be seen in some
examples. If b = 0 and ¢ = 1, then we may assume 7 = i/v/a: see Figure 7. If b = —1

. V2 i/v3

FIGURE 7. Lattices (1,i/va)
and ¢ = 1, then |7| = 1/v/a, and we may assume 7 = (1 4 iv/4a — 1)/2a: see Figure 8.

1+iv3 .

FIGURE 8. Lattices (1, (1 + iv4a — 1)/2a)

Theorem 10. Suppose A = {(a, 3). Let 7 = [3/a, so that
at> +br+¢c=0
for some a, b, and ¢ in Z, where ged(a,b,c) = 1. Then
O4=(1,ar).
Proof. We have the following equivalences:
e,y — 6(1,7) C(1,7)
e (l,my&0re(l,T1)
0=x+yr & a7t +yr? € (1,7) for some x and y in Z
0 =ax+yr & yr? € (1,7) for some x and y in Z

P e (1, 7) for some x and y in Z
a
0=x+yr & a|yb& a|ycfor some z and y in Z

Hzx—i-yT&y—bT—l—
a

rrr ey

0 =x+yr & a |y for some x and y in Z.
In short, € Oy <= 6 € (1,ar). O
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11. APRIL 1, 2008 (TUESDAY)

What then is the conductor of O 4?7 Since 7 € K, we have

_ —bE VPP —dac  —bxsVd
B 2a B 2a

T

for some s in Z. Hence
—b+ svd
0, (17151,
But we have
s’d =b* (mod 4).
If d = 2 or 3, then (since squares are congruent to 0 or 1), we must have s? = 0, so s is
even, and also b is even, so that

0= (13vid) = (1.5,

If d =1, then s2 = b%, so b=+ s is even, and hence

—bFs+s+svd 1++/d
ou- (TR L
this is either (1, sw) immediately, or (1, —sw’), which is (1, sw — s), which is (1, sw).

Y

We now ask which elements of O 4 satisfy N(§) = 1.
Lemma 10. The units of O, are just those elements that satisfy N(§) = £1.

Proof. We know 9,4 C Ok, so N(a) € Z for all @ in 9D ,. Suppose « is a unit of O .
Then a # 0, and o' € O,4. But 1 = N(1) = N(aa™) = N(a) N(a™!), and since these
factors are in Z, we have that N(«) is a unit in Z, that is, N(«) = +1.

Suppose conversely a € O, and N(a) = +1. This means aa’ = +1, so a™! = +a'.
But O, = (1, cw) for some ¢, so O is closed under £ — &’. Therefore o=t € Oy, so a is
a unit of O y4.

Since D4 = (1, cw), the units of O 4 are those elements x 4 cwy such that N(z + cwy) =
+1, that is,

(26)

Ly x? — dcty?, ifd=2or3 (mod 4);
) (x4 ey/2)? —de*y?/4,  ifd=1.

The easier case to consider is d < 0, when N(§) = [£]?. Then all units of O, lie on the

unit circle: see Figure g. If d = 2 or 3, then (26) has the solutions

(i) (£1,0),if e >1ord < —1;

(ii) (£1,0) and (0, %1), if =1 and d = —1.
If d = 1, then either d = —3, or else d < —7. In the latter case, the only solutions to (26)
are (£1,0). But if d = —3, so that (26) becomes

c\2 35,
<x+§y> +ZC Yy = %1,

then the solutions are

(i) (£1,0),if e > 1;
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—1+1iV3 . 1+iv3
2 ! 9
’/1
—1-i/3 1—iv3
2

2

FIGURE g. Units in imaginary quadratic fields

(i) (£1,0), (£1,F1), (0,£1), if c = 1.
Thus we have shown:

Theorem 11. When d < 0, then the units of (1, cw) are:
(i) 1, +w, when c =1 and d = —1;
(i) £1, +w’, +w, when c =1 and d = —3;
(iii) £1, in all other cases.
Problem 6. Solve the quadratic Diophantine equation
v oy +yt =3 (27)
Solution. Evidently (1,1) is a solution. What are the others? We have

1 3
x2+xy+y2:x2+xy+1y2+1y2

~ (3 (5

(o ) (e =)
= (z + wy)(z + W'y)

= N(z + wy),

where we work in Q(v/—3). Let A = (1,w), so that 94 = A = O, which has the six
units +1, +w, and +w’, all of norm 1. Since 1 + w is a solution of

N(¢) =3
from A, so are +(1+w), tw(1+w), and +w’(1+w). Since w? —w+1 =0, and w+w' = 1,
these solutions are +(1+w), (2w —1), and £(2—w), as in Figure 10. The corresponding
6 solutions of (27) are
(£1,41), (F1,£2), (£2,F1),
as in Figure 11. It is easy to see from Figure 10 that there are no other solutions. Also,
we can rewrite (27) as

(@+y/2°  v* _
4 )

3 +



32 DAVID PIERCE

-1+ 2w

1—2w

FIGURE 10. Solutions of N(¢) = 3 from (1,w) in Q(v/—3)

(17 _2>

FIGURE 11. Solutions of 2% 4+ zy + y? = 3

which defines the ellipse in Figure 11; then we just look for the integer points on the
ellipse—there are only finitely many. However, it is not see easy to tell at a glance which
integer points are on the ellipse. O

Problem 7. Solve
4o + 2zy +y* = 1. (28)
Solution. Again, one solution is (1,1). We can try to factorize:
4a* + 2xy +y? = 322 + (x +y)?

= (V3z +i(x +y))(V3z —i(z +y))
= ((V3+1)a +iy) (V3 = i) — iy), (29)
but this is not over a quadratic field. Indeed, a field that contains v/3 + 1 and i contains

also v/3. But [Q(v/3,1) : Q] = 4 (see Figure 12). We can fix this problem by multiplying
each factor in (29) by the appropriate unit, such as —i and i. What amounts to the same
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3,1)
FIGURE 12. Subfields of Q(v/3,1)
thing is to compute as follows. We have
322+ (z+9y)* = (v +y)* + 327
= (z+y+iVv3z)(z +y —iV3z)

= 2wz +y)(2w'z + y)
= NQwz +y),
again in Q(v/—3). Let A = (2w, 1) = (1,2w). We want to find the solutions of
N(§) =7 (30)
in 4. We know one solution, namely 1 + 2w. Since (2w)? — 2(2w) + 4 = 0, we have

O, = (1,2w) = A. The only units of Ok in this are £1. Hence we have the solutions
+(1 + 2w) of (30). To find any others, again we can draw a picture, Figure 13. So (30)

FIGURE 13. Solutions of N(£) = 7 from (1, 2w) in Q(v/—3)

has the solutions £(1 + 2w) and +(3 — 2w), and no others. The solutions of (28) are
therefore (+1,£1) and (F1,£3). These appear on the graph of (28) in Figure 14. O

In the same way, we can solve any quadratic Diophantine equation

az® + bry + cy® = m,
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FIGURE 14. Solutions to 42? +2xy +1=7

provided b? — 4ac < 0. For in this case, the equation defines an ellipse, which is bounded,
so that there are only finitely many possible solutions to check.

Now we move to the case where d > 0, so K C R. We have
(1,eVd) C (1,cw) = Dy
A unit of O of the form x + cyv/d thus corresponds to a solution of
? —dcty? = +1.

The Pell equation 2% — dc?y? = +1 has infinitely many solutions, and therefore O, has
infinitely many units. We want to find them.

Suppose ¢ is a unit of 4. Since there are infinitely many units, there are units other
than £1. So we may assume ¢ # +1. If ¢ < 0, then —¢ is a unit greater than 0. So we
may assume ¢ > 0. If 0 < ¢ < 1, then 7! is a unit greater than 1. So we may assume
e > 1. Also € < n for some n. But

2 —(e+e)e+ed =0,
that is, €2 — Tr(e)e + N(g) = 0. Since +1 = N(e) = e¢’, we have |¢/| = ¢~!. Hence
ITr(e)|=le+e|<e+e ' <n+l

This shows that there are only finitely many possibilities for the equation z? — Tr(e)z +
N(e) = 0. Hence there are only finitely many units of © 4 between 1 and n. Therefore
there is a least such unit, the fundamental unit, which we may denote by

€A-
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Then (¢ : n € Z) is an increasing sequence, 1}1_{1010 el = 00, and nl_i)rg() "t = 0. Suppose (
is a positive unit of O ,. Then

gx" < (< €An+1
for some n. Hence 1 < €,7"C < €4. But €47"( is a unit too. By minimality of ¢4, we
conclude that ( = ¢4". We have proved:

Theorem 12. When d > 0, then the units of O, compose the multiplicative group gen-
erated by €4 and —1. In particular, every unit is £e," for some n in Z. If N(gy) = 1,
then every unit has norm 1. If N(e4) = —1, then the units of norm 1 are 4¢,*".

How do we find €47

Lemma 11. Assuming d > 0, let € be a unit x +wy of O such that € > 1. Then either
x,y >0, orelsed=5 and e =w = (1++/5)/2.

Proof. We have
(w—wy=e—€& >~ >0,
and w > ', so y > 0. Also
1> [¢] = |z + oyl:
so since w’ < 0, and hence w'y < 0, we must have x > 0, since x € Z. If z > 0, we are
done. Suppose x = 0. Then

—dy?, ifd=2or3 (mod 4);
+1=N(wy)=<1-—
wy) —dyz, ifd=1.
4
The only way this can happen is if d =5 and y = 1 (since y > 0). O

12. APRIL 4, 2008 (FRIDAY)
When d = 5, then w = ¢, the so-called Golden Ratio:

1++5
d>:2.

This has an intimate connexion with the sequence (F,,: n € w) of Fibonacci numbers,
given by

Fo=0, Fi=1 F,o=F,+F,.
We can continue the sequence backwards, so that, if n < 0, then
Fo=Foa—Fnp1.
Then the bi-directional sequence is
.., 13, -8 5, -3, 2, -1, 1, 0, 1, 1, 2, 3, 5 8 13,
Theorem 13. The units of the ring of integers of Q(v/5) are £¢™; and
¢"=F,1+F. . (31)

Proof. Let K = Q(v/5). By Lemma 11, ¢ is the least unit of O that is greater than 1.
Then every unit is +¢" for some n in Z, by Theorem 12. Trivially (31) holds when n = 1.
Also, ¢ is a root of

2 —x—1=0,
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so ¢? = 1 + ¢, which means
(@ +yd)d =2 +yd* =y + (z +y)d. (32)
Hence, if (31) holds when n = k, then
O = (Feo1 + Fe )b = Fe +(Fr1 + Fr)d = Fo+ Frp &,

so it holds when n = k 4 1. Therefore (31) holds for all positive n. But from (32) we
have

r+yd=(y+(@+y)d)p".
By letting y = v and © = v — u, we get

v—utudp=(utodp)pt.
Thus, if (31) holds for some k, then
P =(F i+ Fe ) =F - F 1 +Fe 1 0 =Fp o+ Fr1 &,
0 (31) holds when n = k — 1. Thus (31) holds for all n in Z. O

13. APRIL 8, 2008 (TUESDAY)

Problem 8. Solve the quadratic Diophantine equation

4a* + 2xy — y* = 4. (33)
Solution. We have
1 5
4a% + 2zy — y* = 4a* + 2zy + Zyz — Zy2
1 \2 5
= (22 + = ) — =2
< THyY) Ty
= (22 +yd)(2z + yd')
= N(2z + yob)

in Q(v/5). Let A = (2,¢). Then O, = End((2,$)) = End((1, d/2)) by Lemma g. Since
(3 2410

we have by Theorem 10 that O, = (1,2¢). Since N(¢d) = —1, the positive elements
of O, of norm 1 are the powers of the least power $p?" (where n > 0) that belongs to
(1,2¢). By Theorem 13, we have

n| 2 | 4 | 6
" [[1+d[2+3d[5+8d

So every element of O, of norm 1 is £(5 + 8¢)" for some n in Z. This means, if v is a
solution of

N(¢) =4
from A, then so is £(5 + 8¢)"y. But we can choose n so that

1< (5+8d)" |y <5+ 8.
Let (5+ 8b)"|y| = 2k + ¢¢d. Then (k,¢) is a point on the graph of
1 <22 +yd <5+ 8¢;
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FIGURE 15. Solutions of 422 + 2zy — y?> = 4

that is, (k,¢) lies between the straight lines given by
20+ yd = 1; 20 +yd =5+ 8. (34)

(See Figure 15.) But also, (k,¢) lies on the hyperbola given by

1\2 5

whose asymptotes are given by

2z +yb)(2z +yd') = 0.

One of the asymptotes, given by 2x + yd = 0, is parallel to the bounding lines given
by (34). Directly from (35), the hyperbola itself meets the bounding line given by 2x +
yd = 1 at this line’s intersection with the line given by 2x + y¢’ = 4, parallel to the
other asymptote. This means (k, ) lies within the parallelogram in Figure 15. There are
finitely many integer points in that parallelogram; for every such point (z,y), we compute
N(2z+yd). In fact, once we have computed the norms indicated in the figure, we can see
that the only points for which the corresponding norm is 4 are (1,0), (1,2), and (2,6).
Therefore the solutions to (33) are those (z,y) such that 2z + yb = £(5 + 8b)"~y, where
ne€Zandy€{2,2+2p,4+60¢}. O
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14. APRIL 11, 2008 (FRIDAY)

Theorem 13 can be understood in terms of matrices. Multiplication in (1, ) by ¢
corresponds to a matrix multiplication:

(o) ()= (2)

corresponding to multiplication by ¢t
We have

(z +yd) (54 8¢) = 5z + (82 + 5y)d + 8yd* = 5z + 8y + (8= + 13y) b,

() -(h ).

We also have the correspondence (z,y) — 2x+yd between solutions to (33) and elements
of (2, $) of norm 4. If (a,b) is a solution, we compute

5 8 2a\ _ ( 10a + 8b 13 =8\ (2a\ [ 26a—8b
8 13 b ) \16a+13b)’ -8 5 b ) \—16a+5b)”
so that (5a + 4b,16a + 13b) and (13a — 4b, —16a + 5b) are also solutions. Hence the

three bi-directional sequences of solutions (along the right-hand branch of the hyperbola
depicted in Figure 15) can be written thus:

..., (4181, -5168), (233, —288), (13, —16), (1,0), (5,16), (89,288), (1597,5168), ...
..., (1597, -1974), (89,-110), (5,—6), (1,2), (13,42), (233,754), (4181,13530), ...
., (610,—754), (34,—42), (2,-2), (2,6),(34,110), (610,1974), (10946, 35422), . . .

Inverting the matrix, we have

and

We may note that each entry (except 0) appears more than once. And we can combine
these solutions into one sequence, thus:

.., (34,-42), (13, -16), (5, —6), (2, —2), (1,0),(1,2),(2,6), (5, 16), (13, 42), (34, 110), . ..
Dividing the second coordinates by 2 leaves
.., (34,-21),(13,-8), (5,—-3),(2,-1),(1,0),(1,1),(2,3), (5,8), (13,21), (34, 55), . ...

Here we see all of the Fibonacci numbers. We can obtain all solutions of (33) from (1,0)
by the composition of operations

(z,2y) — (z,y) — (z +y,z +2y) — (z +y, 22+ 4y),

along with the inverse of this composition. The middle operation in this composition
corresponds to multiplication by 1 + ¢:

(z+yd) 1+ d)=z+ (z+y)d+yd’> =z +y+ (z+2y)d.

Thus every solution of (33) is (z,y), where 2z + yb = £2(1 + ¢)™ for some n in Z. Note
however that 1 + ¢ & (1,2d), that is, 1 + ¢ ¢ O, when 4 = (2, d).
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15. APRIL 15, 2008 (TUESDAY)

If we convert a quadratic Diophantine equation to the form N(za + y3) = m, where
a, 3 € K, then we can solve as in Problems 6, 7, and 8, provided we can find the units
of Og. The case where d > 0 is the challenging case. What is the fundamental unit e
(such that every unit of O is £&™ for some n)?

We have O = (1,w), and
2 32 oo ‘
N(z + yw) = x dy72 2 ?fd_20r3 (mod 4);

(x+y/2)? —dy?/4, ifd=1.

We know & = a + bw for some positive a and b, unless d = 5. Assuming d # 5, we shall
show that a/b is a convergent of v/d, if d = 2 or 3; otherwise, (2a + b)/b is a convergent
of Vd.

Lemma 12. Assuming /d = [ag; a1, as,...], let p,/q, = |ag; ay, ..., a,], the nth conver-
gent. Suppose a,b € Z and 1 < b < q,11.- Then

so that
an

B | < |y - V.
Gn b
Proof. By Theorem 2, we have

Pn+1 Pn

_1n:n n — Pndn =
(—1) Pn+14 Pndn+1 Gt Gn

So there are s and ¢ in Z such that

a — Pn+1 Pn S _ SPn+1 + tpn

b dn+1 dn t Sqn+1 + th '
Then

a — b\/d = SPp+1 + tpn - SQH-H\/d - tQH\/d = S(pn-i-l - QH-H\/d) + t(pn - qn\/d)

So it is enough to show that ¢t # 0 and the two terms here, s(pni1 — ¢ny1V/d) and
t(pn — gnV/d) have the same sign. But the factors p,.1 — ¢ne1Vd and p, — ¢,\/d have
opposite sign. So it is enough to show ¢ # 0 and st < 0.

To show t # 0, we note

()= (i ) 6)
t = (=1)"(—agnt1 + bpny1).

Ift = 07 then adn+1 = bpn—i—l; but ng(pn—l-h Qn—i-l) - 17 S0 Gn+1 ‘ b, hence qn+1 < b.
To show st < 0, suppose s # 0. We have

SO

b= squi1 + tqn.
If s<Oand 1<b, thent>0;if s >0 and b < g,y1, then t < 0. 0

The lemma uses only that v/d has convergents up to pn11/gns1. The following theorem
requires only that all convergents of v/d exist, that is, v/d must be irrational.
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Theorem 14. If a and b are positive rational integers, and
a 1
© i< L
b v 202
then a/b is a convergent of V/d.
Proof. Since (g,: n € w) increases to oo, we can find n such that
In < b < @nya-

By Lemma 12, we have

Pn a 1
o2 = V| <ofF - Va| <
Gl v ; Vv <o
Dn 1
D _ 4 .
In v <2bqn
Then
1 a  Pn a Dn 1 1 1
R T Y U VA 1 A S T
b 20 =0l = [ = Sy VA VA < gt g g
‘a'qn - bpn‘ < 17
so aq, = bp, and a/b = p,/q,. O

Theorem 15. Assuming d > 0, let a + bw be a unit of O, where a,b > 0.

(i) If d = 2 or 3 (mod 4), then a/b is a convergent of \/d.
(ii) If d = 1, then (2a + b)/b is a convergent of \/d, provided either d > 17, or else
d =13 and a + bw is the fundamental unit of O .

Also, a is the nearest integer to —bw’.

Proof. Suppose first d = 2 or 3, so that

a® — db* = +1. (36)
By Theorem 14, it is enough to show
a 1
¢ i< L
p V<
that is,
1
—bVd| < —=

that is (multiplying by a + bv/d and using (36)),

el Le )

But we have (again from (36))

a? —dv* > —1,
a2 1
_ >d— —_— >d—
(Q >d—>d-1,

a

—>Vd-1,

b

%(%+¢@;>;vd—1+¢@>1

since d > 2.
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In case d = 1, we try to proceed as before. We have
(2a + b)* — db® = 44,

so that 5 . A
a +
>d——>d—4.
We should like to show L9 ;
a—+
4 < 5( —+ \/d>. (38)

It is enough if we can show
1
4< 5(\/61 — 4+ V).

We have this if d > 21. It remains to consider the cases when d is 13 or 17. We can do
this with the second part of the theorem.
Indeed, since a,b > 1, we have a + bw > 2. Since

1=(a+bw)la+ b,
we conclude

1
!/

‘CL + bw ‘ < 5,
so a is the nearest integer to —bw’.

In case d = 13, we have —w’ ~ 1.3, to which 1 is the nearest integer; and 1+ w is indeed
a unit (of norm —1) and is the least possible unit greater than 1, so it is the fundamental
unit of Og. But (2-1+4 1)/1 = 3, which is the first convergent of v/13.

When d = 17, we have —w’ & 1.56, to which 2 is nearest; but N(2 + w) =2. So b > 1.
Then instead of (37) we have

S

So it is enough if we have
1
d<g(Vd-1+ Vd);

but we do have this. O

16. APRIL 18, 2008 (FRIDAY)

The argument for Case (ii) of Theorem 15 does not work when d = 13, because 13 is
too small. We cannot show (38), because we do not have

1< (Va4 Vi),

when d = 13. But we can show /13 = [3;1,1,1,1,6] (this was (23)) and obtain the
convergents listed in Table 1. Also, the positive units of O (when d = 13) are the
powers of 1 + w, and we have

1 13 1\2 13
w:%’ <w ) = w2:3—|—w,

so that
(r4+yw)(l+w) =2+ (@+y)w+yB+w) =2+ 3y+ (v + 2y)w.
This gives the rest of Table 1.
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n 0 1 2 3 4
o 3 4| 7 11 18
0 1 1|2 3 5
Pn? — 13¢,2 —4 3 | -3 4 —1
2a+b 3 11 36
b 1 3 10
14+wr orat+bw| 1+w 4+ 3w 13 4 10w
k 1 2 3
n ) 6 7 8 9
Dn 119 137 | 256 393 649
0 33 |38 | 7L 109 180
Pn? — 13¢,2 4 -3 | 3 —4 1
2a+b 119 393 1298
b 33 109 360
(1+w)k, ora+bw |43 + 33w 142 + 109w | 469 + 360w
k 4 ) 6

TABLE 1. Convergents of v/d, units of O, when d = 13

Theorem 16. Assuming d = 13, let py,/q be the kth convergent of /d, and let
ag + bgw = (1 + w)g.

Then
3 if 1 =1;
2a3m+i + b3m+i p5nL/q5nL f .
b = Psm+3/Qsm+s,  if i = 2;
3m—+1i oo
Psm+a/Qsmta, if 1= 3.

Proof. Use the method of Problem 5. The claim holds when m = 0. Writing p/q for
Pr/qk, and p'/q’ for prys/qrys, we have

o

q

S
p+3q
3;1,1,1+p+3q]
L p+4q
p+4q}
2p+ Tq
2p—|—7q}
3p+ 11q
B 3p+ 1lq
N 5p + 18¢q
~ 18p+65¢q
C hp+18¢°

= |3:1,1,1,1,3+
q L

3:1.1,1,1+

3:1,1 4

351+



ELEMENTARY NUMBER THEORY II 43

Writing a 4 bw for a, + byw, and a’ + b'w for a3 + byysw, we have
d +bw=(a+bw)(13 + 10w)
=13a + (10a + 13b)w + 10b(3 + w)
=13a + 30b + (10a + 23b)w.
Therefore, if

p_ 2a+b
¢ b
so that
p—q
R
then
2a' +b  26a+ 600+ 10a + 23b
Voo 10a + 23b
~ 36a + 83b
~ 10a + 23b
~ 36(p—q) +83-2¢
~10(p—q) +23-2g
_ 36p — 36q + 1664
~ 10p — 10q + 464
_ 36p + 130¢
~ 10p + 36¢
_ 18p+65¢ ¢
5p+18¢ ¢
Therefore the claim holds for all m. O

But not all units of O are obtained from convergents of v/d when d = 5:
Theorem 17. The nth convergent of \/5 is (2Fs,12 + Fsni3)/ Fanys.
Proof. Exercise. O

17. APRIL 22, 2008 (TUESDAY)

We can give alternative proofs of Theorems 16 and 17, avoiding the computations, by
developing more of the theory of continued fractions. Along the way, we shall establish

that, whenever d is a positive non-square, then /d is indeed [ag; @y, ..., ayp] for some
n; and, moreover, (a,b) is a positive solution to the Pell equation (14) if and only if
(a,b) = (Pp_1, Gn_1) for some even n such that vd = [ag; ar, -, ).

Part of the last claim follows from the proof of case (i) of Theorem 15:

Porism. If (a,b) is a positive solution of (14), then (a,b) = (pn, qn) for some convergent

Pn/an of Vd.

Proof. We have a/b = p,/q, from the proof of Theorem 15; then a = p,, and b = g, since
each fraction must be in lowest terms (the latter by Theorem 2). O

The computation of the continued-fraction expansions of particular v/d (as in Prob-
lem 5) suggests the following.
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Lemma 13. Let d be a positive non-square, and, in the notation of (7) and (8), let
x =+/d. Then

Sn

&n
where s, and t, are rational integers.
Proof. Tt is easy to establish that s, and ¢,, are rational numbers. Indeed, the claim holds

when n = 0, since & = v/d — ay. Suppose the claim holds when n = k. Then

1
§k+1 = f_k — Qk+1

Sk
—— —a
\/d—tk fH
 Vd+ty,

d— 1.2
(55)

Vi - <ak+1d S t’“)

Sk
d—t,° ’
Sk

— Qk41

so we have
d — t3?
Skl = U1 = Q1Sk+1 — -
k

In particular, these are rational. Also, since so = 1 and ¢y = ag, we have s; = d—ay?, and

all of these are integers. Suppose sy, i, and sy are integers. Immediately, t;1 € Z.
Also,

2
Sp41 | d— 1,

so that, modulo si.y1,
d—tpy1> =d — (api15e41 — ) =d — 1,2 =0,
and therefore s, o € Z. O
Lemma 14. If x is irrational, with infinite continued-fraction expansion [ag; ay, .. .|, then
x = ag; a1, ..., 0y 1,0, + &,
for all n.

Proof. The claim is trivially true when n = 0, and also

1
lao; ar, ..., ag, apr1 + Epr1] = [ao; a1, - . ., ag—1, ag, g]
k
= [ag; a1, . .., ap—1, ag + &k
by (8) and (10). O

Theorem 18. If p,/q, is the nth convergent of /d, and s,41 is as in Lemma 13, then
(Pn, Gn) is a solution of

22— dy? = (—1)" s,
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Proof. We use Lemmas 13 and 14. In case n = 0,
P02 - dQO2 =ay’ —d = —s.
By (13), when k£ > 1, we have

Dk+1 _ PkQk+1 + Di—1

k11 Q1 + Qi1

Since Vd = [ag; a1, . . ., ag, Ggyp1 + Eppr], this means

Jd = (ki1 + Epy1) + Pr—1
Qe(ar1 + Epv1) + @1’

(grag+1 + (]k—l)\/d + Qk§k+1\/d = PrOk+1 + Pr—1 + Pe&it1,
Sk1(qrag41 + (]k—l)\/d + Qk(\/d — tk-i—l)\/d = Sp1(PeQrs1 + Pr—1) + pk(\/d — tgt1),
(k1 (quars1 + @) — thk+1)\/d + qrd = (8311 (Prhs1 + Pro1) — Prler) + peVd.

Since only v/d is irrational, we obtain
P = Sk+1(QhOks1 + Qr—1) — Qrtrs1,
{ Qrd = Spi1(PrOks1 + Pe—1) — Prtrsi:
Multiplying by pr and g respectively, then subtracting, yields

pe” — dgi® = Sk1(PEQr—1 — QrPr—1) = (_1)k+13k+1
by Theorem 2. 0
Corollary. s, > 0.
Proof. By Theorem 2 and its corollary,
(1) =1 % > Vd

= pp—@uVd >0

= p,? —dg,? >0,
which yields the claim. 0
Lemma 15. If [ag;a1,...,a,-1,0] = [ao;ay,...,a,_1,¢|, then b = c.

Proof. Let [ag;a1,...,a,_1,2] = y. The claim is easy if 0 < n < 1. Suppose n > 1. By
Theorem 1, we have

_ Pn—1x + Pn—2
qn—17T + qn—2
Then we can recover x by
Gn—2Y — Pn—2
xr = ,
—Qn-1Y + Pn-1
since Yy # pp—1/qn—1 by Theorem 2. d

Theorem 19. If d is a positive non-square, then
Vd = [ag; a1, ) (39)

for some n. If m is the least such n, then the positive solutions of the Pell equation (14)
are precisely (Pkm—1, Qem—1), where k >0 and km is even.
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Proof. The Pell equation has a positive solution by Lemma 2. This solution is (p,_1, ¢,—1)
for some n, by the porism from Theorem 15. Then n is even, and and s, = 1, by
Theorem 18 and its corollary. Then &, = v/d — t, by Lemma 13, and ¢, is unique such
that 0 < vVd—t, < 1. But 0 < vVd—ag < 1, so t, = ag, and &, = &. Therefore Qpy1 = Ay,
and &, 11 = &, and so forth, so (39) holds. If m is the least such n, then, for any such n,
we must have m | n.

Conversely, suppose v/d = [ao; @1, -+, @n]. Then
Vd = [ag;ai, . .., Qgm—1, G, @1 =5 G
= lao; ar, ..., akm-1, akm — ao + Go, a1 - - -, Q)
= [ag; a1, . .., Gkm—1, g — Go + Vd|.
But also
Vd = [ag; a1, .., Qm—1, G + )
by Lemma 14; hence, by Lemma 15, & = Vd — ag.  In particular, sp, = 1, so
(Pkm—1, Qkm—1) solves (14) by Theorem 18, as long as km is even. O

Porism. If (39), then &, = & for all k.

Proof. Under the assumption, p,_12 —dg,—1? = (=1)", so s, = 1, and &, = &. Hence the
claim. ]

Some of the computations in Theorems 16 and 17 are special cases of the following.
Theorem 20. If Vd = [ay; a1, .., @), then
Pk+n + Qk-i—n\/d = (pn—l + qn—l\/d) (pk + qk\/d)7

Pk+n — Pn—1 dQn—l Pk
Qk+4n Gn—1  Pn-1 a )

Vd = lag; a1, ..., an_1,an — ag + ag, @y, . . -, )

equivalently,

Proof. We shall use that

= [ag; a1, ..., Gn_1,a, — ag + \/d]
By Theorem 1 we have
(an — ag + T)pp_1 + P2
(an — a0+ T)qn-1 + Gn-2
_ Pna® 4 (an — Go)Pn_1 + Pn2
1@ + (A — o)1 + G2

(Here, if n = 1, then p,_o = 1 and ¢,_» = 0.) Letting z = v/d, and using that this is
irrational, we have

[ao;a'la"wan—ban _a0+x] ==

Vd = Pr—1Vd + (an — ao)Pa—1 + Pn—2
GnaVd + (@ — a0)qn—1 + Gn2

dgn—1 = (an — ao)pu—1 + pn-2,

{ Pn-1 = (A, — 0)qn—1 + Qn—2-
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Combining all of this, we have
Pn—1T + dQn—l

lag; a1, ..., an_1,an — ag + x| = .
Qn—1x+pn—1

Now letting = = pi/qx, we get

Pk+n

pk] _ PnPk A dgn gk

:[ao;alw"aan—laan_afo“'_ .
Qk+n Qk Gn—1Pk + Pn—-1qk

We are done, once we establish that the last fraction is in lowest terms. Writing this
fraction as a/b, by Theorem 19 we have

Gn-10 — pn_1b = —(=1)"qy,
P10 — dgn_1b = (=1)"py,
so ged(a, b) = 1 since ged(pg, qr) = 1. O
Finally, as a refinement of Theorem 19, we have the following.

Theorem 21. If d is a positive non-square, then

Vd = lag; ay, ..., an_1,2a0]
for some n, where
A = Ap—f (40)
when 0 < k < n.

Proof. By Theorem 19, we have (39). We shall show first
1
k= —&n— (k1)

whenever 0 < k£ < n. By Lemma 13, we have

1 Sk _\/d+tk

& Vd =t Sk+1
Now using also Lemma 14, as well as (13) and Theorem 1, we have

1

Pk 7 T Pk
1 1

5k+l'§_:\/d+tk: [a0+tk§ala--'>ak>£_] :glk—,
b F Qk'§_+Qk—1

k

1\2 1
Sk+1qk * <€—k> + (Sk+1qk—1 — Pr) - & Pr-1=0.

Thus 1/& and hence 1/, are the roots of the quadratic polynomial

Sk 1k + (Ske1Qu—1 — Dk)T — Pr_1.

Call this f(z). Then f(—1) = sg41(qk — qe—1) + Pr — pe—1 > 0, while f(0) = —pp_1 <0,
so f has a root between —1 and 0. That root must be 1/&/, since 1/&, > 0. Therefore

0< < 1.

1
—&!
We also have

0<& <1,
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We can now establish (41) by induction. Since 1/&,_1 = a, +&, = & +a, = Vd—ag+ay
by the porism to Theorem 19, so that 1/—&,_," = Vd + ag — ay,; while & = Vd — ag; we

must have .

§o = BINE

In particular, we have (41) when k£ = 0. Suppose we have it when k& = j, where j+1 < n.
Then

a, = 2ag.

ot 1 ¢ , < 1 )’ 1

j+1 T Aj+1 = T = “Sn—(j+1) — — = Qn—(j+1) ] = = Gn—(j+1)-

J+ J+ ¢; (3+1) §n—(j+2) (3+1) §n—(j+2)’ (3+1)
Thus we have (41) when k = j+1. By induction, we have it for all k£ such that 0 < k < n,
and incidentally we have (40) when 0 < k < n. O

18. APRIL 29, 2008 (TUESDAY)
We know O is a Euclidean domain when d € {—1, —3}. But when d = —5, then
3-2=(14+V-5)(1—V-5), (42)
although each factor is irreducible. To prove this, suppose for example
1+vV-5=ap.

Then N(a) N(8) = N(af8) = N(1 + v/—=5) = 6. But no element of O has norm 2, since
the equation

2245y =2
is insoluble. Hence one of N(«) and N(3) is 1, so a or  is a unit. Thus there can be
irreducibles that are not prime.

To avoid such problems, instead of working with the numbers in a quadratic field, we
shall work with ‘ideal numbers,” that is, ideals. Recall that an ideal of a commutative
ring R is an additive subgroup of R that is closed under multiplication by elements of R.
In other words, it is an R-submodule of R. (The definition of R-module is the same as
the definition of a real vector-space, with R replaced by R.)

We shall generalize this definition slightly so that every lattice A of the quadratic field
K is an ideal of O, even if A & O,4. Let © be an order of K, that is, a sub-ring of
D that spans K as a vector-space over Q. Then 9 is a lattice A by Lemma 7, and
O, = O (exercise). An additive subgroup G of K is an ideal of O if it is closed under
multiplication by elements of O, and aG C O for some non-zero « in K'; we also require

G #{0}.
Theorem 22. Ideals of O are lattices of K.

Proof. Let L be an ideal of ©. We have O = (1, cw) for some positive rational integer ¢
by Theorem g. Now use Lemma 7. There, (i) is immediate. For (ii), note that L contains
some non-zero «, hence also acw. But {a, acw} is a basis of K over Q. For (iii), we have
BL C O for some non-zero (3. Multiplying 3 by some positive rational integer, we may

assume (5 € 9. Then ' € O, s0 N(G)L =L C 'O C O. O

So ideals are nothing new for us. Instead of saying that A is an ideal of 94, we may
say that A belongs to 4.

Given an order, we aim to develop something like unique factorization for the lattices
belonging to it. To do this, we shall use a norm for lattices.
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In the old sense of norm, in any quadratic field K, if n € Z, then N(n) = n?. But the
smallest ideal of O that contains n is nOk or (n, nw), and the quotient group O g /nO K
or (1,w)/(n,nw) has size n*. Indeed, every coset of (n,nw) is a + bw + (n, nw) for some
a and b in Z, but

a+bw+ (n,nw) =s+tw+ (n,nw) <= a=s& b=t (modn),
so there are just n? distinct cosets. Generalizing this idea, we define
N(4) = [94/A] = (D4 : 4),

assuming A C O 4; in this case, A is an integral lattice.
Suppose A and M are arbitrary lattices of K, and A C M. What is (M : A)? We can
write M as (o, (3); then

A= {ea+ fB3, g+ hp).

By the Euclidean algorithm, we can eliminate § from one generator. Indeed, suppose
ged(f, h) = a, so that

fr+hy=a

for some x and y in Z. Then

hja —f/a| _ 1 (h/a —f/a) (6oz+fﬁ) _ ( (he — fg)a/a )
Ty ’ Ty ga+hp (ex + gy)a + af
Thus
A = (ba, ca + af), (43)
where b = (he — fg)/a and ¢ = ex + gy. In particular,
al =aec (5 1) m

We may then assume that b > 0 and 0 < ¢ < b, while (43) and (44) continue to hold.
Then the cosets of A in M are in one-to-one correspondence with the pairs (7, ) such
that 0 < i < a and 0 < j < b. That is, every element of M is congruent modulo A to
some unique ja + i3, where 0 <7 < a and 0 < 7 < b. Thus

2

[

(M:/l):ab:‘det(; {L)‘:

For example, say M = (1,i) and 4 = (3,1 + 2i). Then (M : A) = |M/A| = 6. See
Figure 16. In the general situation, we have

/ /
/0 1 /

FIGURE 16. Lattices (1,i) and (3,1 + 2i)

e
9
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2 /12
Ay = ¢ i ; £ g g _A(4)
' g Rl a o AWM
g g

We can use this to define the norm in general:

A(A)
N(4) = \/A(DA).

This is always positive, unlike the norm of some numbers when d > 0. But suppose
a € K, and let © be an order of K. Then af is a lattice belonging to ©; and since
O = (1, cw) for some positive rational integer ¢, we have

2

« o

acw oad

N(aO) = \/ﬁ = +/(ac’)? = |N(a)].

cw cw

19. MAY 2, 2008 (FRIDAY)

The product of lattices A and M of K is the smallest subgroup of K that includes the
set {ry:veA&ye M} If A= (o, 3) and M = (v,9), then

AM = {ay, ad, B, B5).
Then AM is a lattice by Lemma 7, since nA,nM C Ok for some m and n, and then
nmAM C Og. (Also AM spans K since AM contains vy and (37, which span.)

Lemma 16. Multiplication of lattices is commutative and associative, and
ODy-A=A

Proof. The first part follows from the same properties of multiplication of numbers. For
the second part, 4 C O, - A since 1 € Dy, and O, - A C A by definition of O 4. O

Lemma 17. For all lattices A belonging to an order O,
AN =N(A) - O.
Proof. Suppose first A = (1, 7), where
AT* + B+ C =0, ged(A, B,C) =1, A>0.

Then B .
Z—_(T+7,)a Vi Oy = (1, A7).
Hence
/ AN A B O o 1 o 1 o 1
<17T><17T>—<1=T=T=TT>—<2777272>—<—7T>—Z<1,AT>—Z-DA
But )
1 1
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We can write an arbitrary lattice as (a, at). Then
(a,ar) (o, 7Y = (1, 7)d(1,7") = ad/ N((1,7))D 4 = N({a, aT))O 4,
where A can be understood indifferently as (1, 7) or (o, at), by Lemma g. O

Theorem 23. The lattices belonging to an order O compose an abelian group under
multiplication; the identity is O itself, and inversion given by

1
At =——_ /.
N(4)
Proof. By Lemmas 16 and 17, it remains to show that the set of lattices belonging to O
is actually closed under multiplication. We have

N(A)N(M)O = AN MM’

= (AM)(AM)'

= N(AM)D pp.
But since © = (1, cw) and O 4 5 = (1, ew) for some positive rational integers ¢ and e, we
must have c = e and O, = O O

Porism. If A and M belong to the same order, then
N(AM) = N(A)N(M).

20. MAY 6, 2008 (TUESDAY)
In addition to multiplying, we can add lattices:
A+M={+n: € A&ne M}
Lemma 18. Let A and M be lattices of K.
(i) A+ M is a lattice, and
(o, B) + (v +6) = (a, 8,7, 0).

(ii) Addition of lattices is commutative and associative.
(iil) Multiplication of lattices distributes over addition.
(iv) If A and M belong to O, then O C O 4.

(v) If A and M belong to O, then Dy = O

Proof. Exercise. O

Although A and M belong to the same order O, possibly A + M does not belong to
9. For example, (n,1+ w) and (1, nw) both belong to (1,nw) (exercise), but

n,14+w)+ (I,nw) = (n,1 +w,1,nw) = (1,w).

We aim to show that the integral lattices belonging to £ have unique prime factoriza-
tions. What does this mean? The integral lattices have norms that are positive rational
integers, since in this case N(A4) = (O : 4). Also,

N(A)=1 < A=9

(again assuming A C ). By the porism to Theorem 23, no non-trivial factorization can
go on forever. That is, we obtain

A=PP---P, (45)
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where each P; is an integral lattice of norm greater than 1, with no factors other than
itself and 9. In a word, each P; is irreducible.
For example, if N(P) is a rational prime p, then P is irreducible, since p is irreducible:

P=/AgAy = p=N(P)=N(4)N(4)
— N(4;) =1 for some i
=— A; =9 & A,_; = P for some 1.

We want (if possible) to establish uniqueness of the factorization in (45). For this, we
use the notion of a prime lattice. Working with the integral lattices of some order O,
we define divisibility by

Al M <~ AA = M for some A.
Theorem 24. For all integral lattices A and M of an order £,
AlM <= MCA.

Proof. It AA = M, where A C O, then M = AA C AOD = A. Conversely, suppose
M C A. Then

1 1 1
— e e — A cC —— / —
A N(/I)AM OM = M, N(/I)AM_N(A)AA 9,
so (1/N(A))A'M is integral, and A | M. O

Having division, we may have greatest common divisors: An integral lattice I is a
greatest common divisor of A and M if

(i) I | A& I | M;
(i) if ¥ | A and X' | M, then X | II.
But what is II here? We have
A, M C A+ M;
AMCY = A+MCX.

Then we can apply Theorem 24, provided A+ M also belongs to . (Easily A+ M C 9.)
So we have:

Lemma 19. If A and M are integral lattices of Ok, then A+ M is their greatest common
divisor.

Proof. By the comments just made, it is enough refer to Lemma 18 (v). O
An integral lattice P is prime if
P|AM & PtA = P| M,

equivalently,
AMCP&AZLP = MCP.

Lemma 20. Irreducible integral lattices of O are prime.

Proof. Suppose II is irreducible, AM C II, but A € II. But Il + A | II by Lemma 19.
Since [I is irreducible, IT + A is either II or O. But II { A, so II + A = 9. Hence

M =9OM = (Il + A)M = IIM + AM.
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[ ] [¢] L] [ ] [ L]

0 1 0 1
FIGURE 17. Two index-2 sublattices of (1,/—5)

But AM = I1X% for some integral X since I | AM. Hence
M=IIM+1I¥Y =1I(M+ X).
By Lemma 18 (v), we have IT | M. O

Theorem 25. The integral lattices of Ok admit unique prime factorizations.

Proof. Suppose PPy ---P,, and (1Qs---Q,, are two irreducible factorizations of the
same lattice A. Then P; | A, so P; | Q; for some ¢ by Lemma 20. We may assume ¢ = 1.
Then P, = @y, since P} # O and @) is irreducible. We now have

PPy Py = PiQy - Qn,
P2"'Pm:Q2"'Qn

since we are in a group. Continuing, we get that m = n and we may assume P; = Q;. U

21. MAY 9, 2008 (FRIDAY)
We want to find prime factorizations. For example, let O = O, where K = Q(v/—5),
so that O = (1,w), where w = v/—5. From (42) we have
(39)(20) = (1 +w)O)((1 —w)D),
that is,
(3,3w)(2,2w) = (1 + w,w + W) {1l — w,w — w?)

=(l4+w,w—5)(1 —w,w+D5)

= (6,14 w)(6,1 —w).
These cannot be prime factorizations. What, for example, are the prime factors of 29,
that is, (2,2w)? We have N(29) = N(2) N(9) = 4, so we should look for factors of norm
2. Two possibilities are (2,w) and (1,2w). (See Figure 17.) But (2,w) = 2(1,w/2), and
4w/2)2+5=0,50 Opu = (1,4w/2) = (1,2w) # O. So (2,w) does not belong to O.
Similarly, (1,2w) does not: in fact, it belongs to itself. A third option for a prime factor
of (2,2w) is (2,1 + w) (Figure 18). This works: if z = (1 + w)/2, then (2z — 1)* = —5,
that is, 422 —4x + 6 = 0, so 22> — 2x + 3 = 0, and (2,1 + w) belongs to O. Also
(2,14+w) =(2,1+w). By Lemma 17, we have

(2,14 w)? =29.
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FIGURE 18. A third index-2 sublattice of (1,+/—5)

Now let K be an arbitrary quadratic field, © = Oy, and P be a prime lattice of
. There is a non-zero element o of P. Then o' € O, so P contains a«’, a rational
integer. Since P is prime, the least positive rational integer that it contains must be
prime. Suppose this is p. then

P | pO.

Conversely, suppose p be a rational prime, and P is a prime factor of p©. Then
N(P) | p*.

If N(P) = p?, is means P is just pO. If N(P) = p, then PP’ = pO, but possibly P = P’
So there are three possibilities:

(i) pO is itself prime: then p is inert in O;
(ii) pO = PP’ where P # P’; then p splits in O;
(iii) pO = P?; then p ramifies in O.
22. MAY 20, 2008 (TUESDAY)
To compute which of the three possibilities actually happens, it is convenient to let

2_ d, ifd=1 (mod 4);
"~ l4d, ifd=2or3.

1 1

w W

A=AD) =

Theorem 26.

(i) If pt A, and A = 2* (mod 4p) has no solution, then p is inert in O.
(i) If pt A, and A = s* (mod 4p), then p splits in O, and

s++vA s—A
p9_<p’ 2 ><p’ 2 >
(i) If p | A, then p ramifies in O, and

<p, A%\/Ay, if p is odd;

PO =1 (2, Vay, ifp=2&d=2;
(2,14 /d)?, ifp=2&d=3.
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Proof. Suppose p is not inert in . Then pO has a proper prime factor P, of norm p, so
that

(O:P)=np.
So there are just p distinct congruence-classes modulo P. Moreover, they are represented
by the elements of {0,1,...,p —1}. Indeed, if 0 < i < j < p, and i = j (mod P), then
P|(j—199,s0N(P)|N((j —14)90), that is,
p ‘ (] - i)2a
so ¢ = j. Therefore, in particular, there is a rational integer r such that 0 < r < p and
A+A
2
or—A—+VA=0 (mod2P),
2P| (2r — A —VA)D,
N(2P) | N((2r — A —VA)D),
4p | (2r — A)? — A,
A= (2r—A)* (mod 4p).

=r (mod P),

This proves (i).
Now suppose A = s? (mod 4p), and let

p_ <p, s+ \/A>.
2
To compute Op by means of Theorem 10, we have
A
r = stV — pr—s=+A
2p
— 4p*r? —dpsz + 52— A =0
2 A
— par? — sz + i =0.
4p
If pt A, then pt s, and we can conclude
A
Op = <1,$+2¢ >:D.

So P belongs to O; and it has norm p, so pO = PP’ by Lemma 17. Finally, P # P’,
since P + P’ contains s, but P does not. Thus (ii).

Finally, to prove (iii), since each of the given lattices is its own conjugate, it is enough
to show that the lattices belong to 9. For example, in case p is odd, assuming p | A, we
have

A+ VA

— pr— A =+VA

— 4p*2? —ApArz+ A*— A =0
A% — A

=0.
4p

= p2? — Az +
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We always have A =0 or 1 (mod 4), so 4 | A2 — A; hence 4p | A2 — A. But A2 — A =
A(A—1),and pf A—1, but also p? { A, since d is squarefree. Therefore (p, (A++/A)/2)
does belong to . The remaining cases are easier. U

For example, if d = 21, then A = 21, and the primes ramifying in 9 are just 3 and 7.
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K (a quadratic field, usually Q(v/d)), 13 Golden Ratio, 35

C (the field of complex numbers), 13 greatest common divisor, 15, 52
End(4), 21 .

Fo, 35 %deaL 48

N (the set {x € Z: z > 0}), 14 inert, 54

Q (the field of rational numbers), 7 infinite descent, 4
(@(\/d), 13 }nteger, 13

R (the field of real numbers), 21 }ntegral, 49

Z (the ring of rational integers), 13 }ntegra!bo}om%m, 14
A(4), Ala, B), 27 irreducible, 16, 52
d(z), 14 lattice, 15, 20, 21

€A, 34

Z[i] (the ring of Gaussian integers), 13 minimal polynomial, 19
¢ (the Golden Ratio), 35

(, B), 20 norm, 14, 19, 48

4, 54

i (not the variable i, but v/—1), 4 order, 28, 48

7t (the circumference of the unit circle), 18 Pell equation, 11

N(z), 14, 19 positive, 11

w (generator of Ok over Z), 21 prime, 16, 52

Oy, 28 primitive solution, 3

7 (an arbitrary prime of Z[i]), 16 principal-ideal domain, 16
Ok, 19 Pythagorean triple, 3
Tr(z), 19

w (another name for N), 8 quadratic field, 13

d (a square-free element of Z, not 1), 13 ramify, 54

rational integer, 13

algebraic integer, 13 rational point, 6

associate, 15

belong, 48 SH?Plea 9
binary quadratic form, 20 split, 54
conductor, 28 :orus, fl
continued fraction, 7, 9 race, 19
convergence, 8 unique-factorization domain, 16

convergent, g
Weierstraf function, 22
degree, 14
Diophantine equation, 3
discriminant, 20, 27
divisibility, 52
domain, 14
doubly periodic, 22

elliptic curve, 22
endomorphism, 21
FEuclidean algorithm, 8
Fuclidean domain, 14

Fibonacci number, 35
free abelian subgroup, 20
fundamental unit, 34

Gaussian integer, 13
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