
NUMBER-THEORY EXERCISES, VI

DAVID PIERCE

The variables n, k, and d range over the positive integers.

Exercise . Assuming p is an odd prime:
(a) (p− 1)! ≡ p− 1 (mod 1 + 2 + · · ·+ (p− 1));
(b) 1 · 3 · · · (p− 2) ≡ (−1)(p−1)/2 · (p− 1) · (p− 3) · · · 2 (mod p);
(c) 1 · 3 · · · (p− 2) ≡ (−1)(p−1)/2 · 2 · 4 · · · (p− 1) (mod p);
(d) 12 · 32 · · · (p− 2)2 ≡ (−1)(p+1)/2 (mod p).

Exercise . τ(n) 6 2
√

n.

Exercise . τ(n) is odd if and only if n is square.

Exercise . Assuming n is odd: σ(n) is odd if and only if n is square.

Exercise .
∑
d|n

1
d

=
σ(n)

n
.

Exercise . {n : τ(n) = k} is infinite (when k > 1), but {n : σ(n) = k} is
finite.

Exercise . Let m ∈ Z. The number-theoretic function n 7→ nm is multi-
plicative.

Exercise . Let ω(n) be the number of distinct prime divisors of n, and let
m be a non-zero integer. Then n 7→ mω(n) is multiplicative.

Exercise . Let Λ(n) =

{
log p, if n = pm for some positive m;
0, otherwise.

(a) log n =
∑
d|n

Λ(d).

(b) Λ(n) =
∑
d|n

µ
(n

d

)
log d.

(c) Λ(n) = −
∑
d|n

µ(d) log d.

Exercise . Suppose n = p1
k(1) · · · pr

k(r), where the pi are distinct.

(a) If f is multiplicative and non-zero, then
∑
d|n

µ(d) · f(d) =
r∏

i=1

(1 −

f(pi));
(b)

∑
d|n

µ(d) · τ(d) = (−1)r.
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