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Pd — the category of homogeneous polynomial functors

of degree d over k.

FV,W : Hom(V,W ) −→ Hom(F (V ), F (W ))

is homogeneous polynomial of degree d.

Examples of polynomial functors:

V ; V ⊗d (Id),

V ; (V ⊗d)Σd
(Sd),

V ; (V ⊗d)Σd (Dd),

V ; ((V ⊗d)alt)Σd ' ((V ⊗d)alt)Σd
(Λd),

If char(k)=p,

V ; V (1) (I(1)),

F (i) := F ◦ I(1) ◦ . . . ◦ I(1).

Pd −→ GLrat
n (k)−mod

F 7→ F (kn)

char(k) = p > 0,

Theorem (Friedlander–Suslin) For n ≥ d,

Ext∗Pd
(F,G) ' Ext∗GLrat

n
(F (kn), G(kn)).
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Young diagram of weight d: λ = (λ1, . . . , λk),∑
λj = d.

{Fλ} – complete set of simple objects in Pd

Problem Compute Ext∗Pd
(Fµ, Fλ).

Sλ := im(Λλ1 ⊗ . . .⊗ Λλk −→ Id −→ Sλ̃1 ⊗ . . .⊗ Sλ̃s),

Wλ := im(Dλ̃1⊗ . . .⊗Dλ̃s −→ Id −→ Λλ1⊗ . . .⊗Λλk),

Fλ ↪→ Sλ, Wλ −. Fλ.

The Lusztig Conjecture

Ext∗Pd
(Fµ, Sλ) has parity.

dim(ExtnPd
(Wµ, Sλ) =

 1 if µ = λ, n = 0,

0 otherwise.

Program Compute Ext∗P
dpi

(W (i)
µ , Sλ) for i > 0.

3



Computing Ext∗Pdp
(W (1)

µ , Sλ).

λ 7→ c(λ), q(λ) = {λ0; . . . ;λp−1},
|λ| = |c(λ)| + p

∑p−1
j=0 |λj|.

Fact If c(λ) 6= ∅, then Ext∗Pdp
(W (1)

µ , Sλ) = 0.

F 7→ F (1)

C : DPd −→ DPdp

Kr(F )(V ) := RHomDPdp
(Dd(V ∗ ⊗ I(1)), F ),

Kl(F ) := Kr(F#)#.

Theorem 1 There is a two-sided adjunction

C : DPd
←−−→←− DPdp : Kr,Kl.

Ext∗Pdp
(W (1)

µ , Sλ) ' Ext∗Pd
(Wµ,K

r(Sλ))
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H∗(Kr(F ))(V ) := Ext∗Pdp
(Dd(V ∗ ⊗ I(1)), F )),

A := Ext∗Pp
(I(1), I(1)) ' k[x]/xp, for deg(x) = 2.

Paf
d := {F : A–modfr −→ k–modgr ,

homogeneous polynomial of degree d over k}.

Examples of affine strict polynomial functors:

For 0 ≤ j ≤ p− 1, χj(V ) := xjV/xj+1V [−j],
Saf

(∅;...;λ;...;∅)(V ) := Sλ(χj(V )),

Saf
((1);...;(1))(V ) := Λp(V )⊗Dp(A) k.

Theorem 2

Kr(Sλ)(V ) = Saf
q(λ)(V ⊗ A)[−h(λ)].
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A = k[x]/xp, deg(x) = 2.

Paf
d := {F : A–modfr −→ k–modgr ,

homogeneous polynomial of degree d over k}.

Paf
d −→ GLrat

n (A)−modgr

F 7→ F (An)

A ' k[Z/p] ←→ k[Z] ' k[x, x−1]

GLrat
n (k[x]/xp)−modgr ←→ GLrat

n (k[x, x−1])−mod
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